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Course Information E

One midterm exam
One final exam
Exam structure: 9 points for content and 1 point for presentation
One A4 sheet of reference material is allowed in the exams
Bonus points may be added to the coursework grade
o Solving exercises and class discussions: 0 to 2 bonus points (no
points will be deducted for incorrect solutions or answers)
Classroom rules
e No attendance checks or attendance-based grading
o Students may enter and leave freely and quietly (no permission
required)
e Do not make noise or cause distractions
e For each reminder to maintain order: 0.25 points will be
deducted from the entire class’s coursework grade
@ When requested, students are responsible for providing
explanations and cooperating to clarify any concerns
regarding their examination papers
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R
How to well study Circuit Theory r

1. Do the exercises
2. Do the exercises
3. If you have not done the exercises, review the two points above

@ Sources of exercises

In-class examples
Homework problems
Previous exams
Reference materials
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-
Structure of the Circuit Theory Course ”

Circuit Theory 1
1. Linear circuits in steady state
Circuit Theory 2
2. Linear circuits in transient state
3. Nonlinear circuits (steady state and transient state)

4. Transmission lines (steady state and transient state)
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-
Circuit Theory 1: Linear Circuits in Steady State ”

.......

@ Concepts of Kirchhoff Circuit Model

© Linear Circuits in Steady State with DC Sources

© Methods for Solving Linear Steady-State DC Circuits

@ Linear Circuits in Steady State with Sinusoidal Sources

@ Methods for Solving Linear Steady-State AC circuits

@ Thévenin—Norton Theorem and One-Port Networks

@ Mutual Inductance and Solving Magnetically Coupled Circuits
© Two-Port Networks

@ Circuits with Multiple Frequencies and Non-Sinusoidal Sources

@ Three-Phase Circuits
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Concepts of Kirchhoff Circuit Model

Course Outline E‘

@ Concepts of Kirchhoff Circuit Model
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Concepts of Kirchhoff Circuit Model

Chapter Outline ”

.......

@ Concepts of Kirchhoff Circuit Model
@ Circuit Theory and the Modeling Approach
@ Basic Concepts and Quantities
@ Basic Circuit Elements
o Circuit Models
o Basic Problems in Electric Circuits
@ Basic Laws in Electric Circuits
@ Kirchhoff Equations System of a Circuit
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(@763oTeICy oIS INCT i AT Xel VSTl s MGt IV Circuit Theory and the Modeling Approach

Chapter Outline E‘

@ Concepts of Kirchhoff Circuit Model
@ Circuit Theory and the Modeling Approach
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Concepts of Kirchhoff Circuit Model Circuit Theory and the Modeling Approach

The Role of Circuit Theory r

@ General knowledge

e Linear algebra

e Single-variable calculus

e Differential equations

o Introductory physics (electricity)

@ Circuit Theory < Signals and systems; automatic control theory
e Specialized knowledge

e Analog electronics
e Electrical machines
e Power electronics
Electric drives
Power systems

etc.
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(@763oTeICy oIS INCT i AT Xel VSTl s MGt IV Circuit Theory and the Modeling Approach

The Modeling Approach E‘

Problem Approach ®

@ From the physical and chemical
properties of the battery = charges
on the two electrodes = electric field
in space = charges flowing in the
wires and lamp = current

@ Find the current flowing
through the lamp

Current

Approach

/ T v
I=—
Approach $ ¥ R R
. \%4
@ Buy battery, lamp, wires, C—Dl .
and multimeter = build A S;t;ﬁ;};‘eons
the circuit b for modeling
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Concepts of Kirchhoff Circuit Model Basic Concepts and Quantities

Chapter Outline

@ Concepts of Kirchhoff Circuit Model

@ Basic Concepts and Quantities
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(@63oTeICy oI INCT il AT Xel sV sTel s @it iV LY IVl Basic Concepts and Quantities

Basic Concepts and Quantities: Current r

e Current is the rate of change of electric charge with respect to time
Charge is in coulombs (C); current is in amperes (A)
. dq
Tt
e Pay attention to the reference direction of current

ap(t) = —ipa(t)

® ®

iab<t) Z'bot (t)
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Concepts of Kirchhoff Circuit Model Basic Concepts and Quantities

Basic Concepts and Quantities: Voltage ”

.......

e The voltage (potential difference) between two points is the energy
required to move one unit of charge from one point to the other

Energy is measured in joules (J); voltage is measured in volts (V)
dwgp
dq
e Pay attention to the reference direction of the voltage arrow
uab(t) = _uba(t)

Ugp =

e Voltage “triangle” formula
® Uep(t)
uar(®) | | upa(t) \

Uy (t) o(0) Ugp(t) = Uqae(t) + uep(t)

(a)e @ /u;(t)
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Concepts of Kirchhoff Circuit Model Basic Concepts and Quantities

Some Basic Concepts and Quantities: Power ”

.......

e Power is the rate of change of energy with respect to time
Power is measured in watts (W)
_dw _dw dq
p= at < p= d7q T U
= Power = voltage x current
uab(t)

T
® iab(t) ®
e Instantaneous absorbed power: p(t) = ugp(t) - igp(t)
e Instantaneous supplied power: —p(t) = ugp(t) - ipa ()
/\ Pay attention to the reference directions of current and voltage
arrows and to the sign of power
o Average power over the time interval T"

1 T
P = /0 p(t)dt

Nguyén Bao Huy (HUST) Linear Circuits in Steady State Hanoi, 2026 15 /324




Concepts of Kirchhoff Circuit Model [EESEEN@ILAIEIANIIEIeTeIlE]

Chapter Outline E‘

@ Concepts of Kirchhoff Circuit Model

@ Basic Circuit Elements
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Concepts of Kirchhoff Circuit Model [EESEEN@ILAIEIANIIEIeTeIlE]

Basic Elements: Characteristic Relations ”

.......

o Circuit Theory is mainly concerned with two basic quantities:
current and voltage; they are called the state variables

(Power is derived from current and voltage)

o Each element is characterized by the relation between the current
and the voltage on that element

= This is called the characteristic relation of the element
@ There are two forms of an element’s characteristic relation

L i(t) = £ (u(t)) or u(t) = f (i(t))
2. i(t) = fi(t)
ult) = fult)
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Basic Circuit Elements

Basic Elements: Classification E‘

Active and passive
@ An active element can supply energy
Examples: source elements and operational amplifiers (op-amps)
e A passive element can only absorb and/or store energy

Examples: resistors, inductors, capacitors

Linear and nonlinear

o A linear element has a characteristic relation that is a linear
function (algebraic or differential or integral)

A circuit consisting only of linear elements is a linear circuit
Recall: linearity means satisfying the superposition principle

o A nonlinear element has a nonlinear characteristic equation

A circuit with at least one nonlinear element is a nonlinear circuit )
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Concepts of Kirchhoff Circuit Model [EESEEN@ILAIEIANIIEIeTeIlE]

.

Source Elements

[sachon |
A source is an element that supplies electromagnetic energy to a circuit

Types of electrical sources

e Voltage sources and current sources
@ Independent sources and dependent sources
= Four main combinations:
e independent voltage source
e independent current source
e dependent voltage source
e dependent current source

@ Dependent sources are also called controlled sources
e Regarding control signal, dependent sources are classified:

o voltage-controlled voltage source (VCVS)
current-controlled voltage source (CCVS)
voltage-controlled current source (VCCS)
current-controlled current source (CCCS)

v
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Concepts of Kirchhoff Circuit Model [EESEEN@ILAIEIANIIEIeTeIlE]

Independent Voltage Source ”

.......

@ An independent voltage source supplies a voltage that does not
depend on the current flowing through it
e Symbol:

uba(t)

e Characteristic relation: upa(t) = e(t), Vigy(t), Vt
Interpretation: the voltage of a voltage source is equal to the
source electromotive force regardless of the current through it
/\ Notes:
o Other materials may use different symbols
e This is an ideal voltage-source model; a practical voltage source can
be modeled by an ideal voltage source and other elements

e In practical circuits, never short-circuit a voltage source
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Concepts of Kirchhoff Circuit Model [EESEEN@ILAIEIANIIEIeTeIlE]

Independent Current Source ”

e An independent current source supplies a current that does not
depend on the voltage across it

e Symbol:

Upa (t)

e Characteristic relation: i4,(t) = j(¢), Yupa(t), Vt
Interpretation: the current of a current source is equal to the
source current regardless of the voltage applied across it
/\ Notes:
e Other materials may use different symbols
e This is an ideal current-source model; a practical current source can
be modeled by an ideal current source and other elements

e In practical circuits, never open-circuit a current source
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Concepts of Kirchhoff Circuit Model [EESEEN@ILAIEIANIIEIeTeIlE]

Passive Elements !‘

There are three types of passive elements

1. Energy-dissipating elements

o Completely dissipate energy at all times
e Do not supply or store energy

2. Electric-energy storage elements

e Do not dissipate energy

e Store energy in the form of electric charge
3. Magnetic-energy storage elements

e Do not dissipate energy
e Store energy in the form of magnetic flux
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Concepts of Kirchhoff Circuit Model [EESEEN@ILAIEIANIIEIeTeIlE]

Resistor ”

.......

e A resistor is an energy-dissipating element; its unit is the ohm ()
= Absorbed power is always nonnegative: p(t) = ugy(t) - igp(t) > 0
= There is a positive ratio between voltage and current on a resistor:
R = Qab(t) ~ Uab(t) =R iab(t), Viab(t), Vit
iap(t)
o If R is constant = linear resistor

o If R = R(i) or R = R(u) which is variable = nonlinear resistor
iap(t) B(Q)

@ —®

Uap(t)

/\ Notes:

e Directions of current and voltage, and sign of absorbed power
o Conductance is the reciprocal of resistance; its unit is siemens (S)

1
G= I & iab(t) =G- uab(t)
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Concepts of Kirchhoff Circuit Model [EESEEN@ILAIEIANIIEIeTeIlE]

Capacitance (Capacitor) 4

.......

e A capacitor stores energy in the form of electric charge qq(t)
proportional to the voltage uq,(t) through the coefficient C, called
the capacitor’s capacitance; its unit is the farad (F)

qab(t) =C (t) Uap(t)

@H—M }—@

o From the relation between current and charge, the characteristic
relation of a capacitor is:

ab(t) dq(zibt( ) g ab(t)

o If C(t) = C is constant = linear capacitor

) dugy(t
i) = € - !
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Concepts of Kirchhoff Circuit Model [EESEEN@ILAIEIANIIEIeTeIlE]

Inductance (Inductor) 4

.......

e An inductor stores energy in the form of magnetic flux W, (¢)
proportional to the current i4,(t) through the inductor’s
inductance Lj; its unit is the henry (H)

o (t) = L(t) - igp(t)
iab (t) L(H)

@O ——(®)

Uab (t)

e Variation of magnetic flux induces an electromotive force in the

inductor = the characteristic relation of an inductor is:
dWq(t) d(L(t) - iq(t))

ab(t) = ——— ab(t) =
Uqp(t) a v b(t) dt
o If L(t) = L is constant = linear inductor
diap(t)
w(t) =L - —2
ta(?) dt
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Concepts of Kirchhoff Circuit Model [EESEEN@ILAIEIANIIEIeTeIlE]

Mutual Inductance Between Coils ”

o If there is flux in only one coil, the coefficient L is the coil’s
self-inductance

e If two or more coils have mutual flux linkages, there is a mutual
inductance M between the coils

o Flux linkages:
Wy(t) =Ly -ir(t) £ M -ia(t)
Wo(t) = Lo - ia(t) £ M -i1(t)

o Linear self-inductance and mutual

inductance:
CAvi() L di(t) , L dia(t)
n(t) =—g— =l =g+ M=
_dWs(t) dia(t) diq (t)
up(t) = =g = Le == M=
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Concepts of Kirchhoff Circuit Model

Dependent Sources

Voltage-controlled voltage
source

Basic Circuit Elements

Current-controlled voltage
source
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Concepts of Kirchhoff Circuit Model

Dependent Sources

Voltage-controlled current
source

t

iab(t) = 5(t)
O

Basic Circuit Elements

Current-controlled current
source

t

iap(t) = 5 (t)
O

(HUST)
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Concepts of Kirchhoff Circuit Model [EESEEN@ILAIEIANIIEIeTeIlE]

Operational Amplifier (Op-amp) E‘
. i (1)
Operational amplifier (a)o—>—o—
e A signal amplifier with a @) | A (©)
very large gain ®°—>— +
A ~10° = 107
e Commonly used to T
implement operations such =
as + — x =+ d/dt [ Ideal op-amp
o Characteristic relation e Gain A = 0o
it~ 0; i ~0 it=0;i" =0
ve(t) = A (uvp(t) — va(t)) va(t) = vp(t)
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Concepts of Kirchhoff Circuit Model GINGISIARVYIIIE]

Chapter Outline

@ Concepts of Kirchhoff Circuit Model

@ Circuit Models
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Concepts of Kirchhoff Circuit Model GINGISIARVYIIIE]

Circuit Models E‘

Topology of a circuit
@ A node is a connection point of two or more elements. The degree
of a node is the number of elements connected to it. (If the
terminal of an element is not connected to any other element, it is
a 15%-order node.) In Circuit Theory, we usually focus on nodes of
3" or higher order (called essential nodes).

e A branch is a path connecting two essential nodes

@ A loop is a closed path through circuit branches

v
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Concepts of Kirchhoff Circuit Model GINGISIARVYIIIE]

Circuit Models E‘
c.
B 1B s I:IRS
—_—

iz(t) —_ >

(D)o

Topology of a circuit

@ A tree is a set of branches that connects all nodes of a circuit
without forming any closed loop

@ A co-tree consists of the remaining branches of the circuit that do
not belong to the tree being considered

e A fundamental loop is the loop formed by one co-tree branch
and branches of the tree being considered

v
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Concepts of Kirchhoff Circuit Model GINGISIARVYIIIE]

Circuit Models E‘

Some basic concepts

e Branch current is the current flowing through the elements of a
branch

e Node potential is the voltage of that node relative to a node
chosen as the reference point (the “ground” node); the ground
potential is vgnq = 0
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Chapter Outline

@ Concepts of Kirchhoff Circuit Model

@ Basic Problems in Electric Circuits
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(G7635TeICy ST INCT il AR Xel VSTl s MGt IV LTIV Basic Problems in Electric Circuits

Basic Problems in Electric Circuits E

Circuit analysis problem
e Given the circuit structure
o Given the values of the circuit elements

e Find the state-variable pair of current i(t) and voltage u(t) on the
elements, then determine the power p(t)

Circuit synthesis (design) problem
e Given requirements for current i(t), voltage u(t), and power p(t)

@ Propose a circuit structure

o Find the values of the circuit elements

Circuit Theory mainly considers circuit analysis problems.
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Concepts of Kirchhoff Circuit Model [EESEECHIEAT It NN 33T G INaItiAS]

Chapter Outline

@ Concepts of Kirchhoff Circuit Model

@ Basic Laws in Electric Circuits
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Concepts of Kirchhoff Circuit Model [EESEECHIEAT It NN 33T G INaItiAS]

Basic Laws in Electric Circuits E‘

Kirchhoff’s current law (KCL)
e For any node: the algebraic sum of currents at the node is zero

Convention: currents entering the node have sign +, currents
leaving the node have sign —

Z ay - i, (t) = 0; entering current: ay = 1; leaving current: a = —1

e Equivalently: the sum of currents entering a node equals the sum
of currents leaving that node: Z iin(t) = Ziout (t)

i1(t)

i3(t)
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Concepts of Kirchhoff Circuit Model [EESEECHIEAT It NN 33T G INaItiAS]

Basic Laws in Electric Circuits E‘

Extended KCL

e For any closed circuit region: the sum of currents entering the
region equals the sum of currents leaving it

Z Z'in (t) - Z Z'out (t)
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Concepts of Kirchhoff Circuit Model [EESEECHIEAT It NN 33T G INaItiAS]

Basic Laws in Electric Circuits E‘

Kirchhoff’s voltage law (KVL)
e For any loop: the algebraic sum of voltages around the loop is zero
Voltages in the reference direction of the loop have sign +
Voltages opposite to the reference direction have sign —

Zak uk(t) =0

same direction: a; = 1; opposite direction: ap = —1

©
uly v\w(t)
or o©
“5“)\ wat) »/ us(?)

@.—V.@
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Basic Laws in Electric Circuits

Basic Laws in Electric Circuits E‘

Some consequences of the two Kirchhoff laws

e Elements connected in series have the same current

Elements connected in parallel have the same voltage

Two different voltage sources must not be connected in parallel

Two different current sources must not be connected in series
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Concepts of Kirchhoff Circuit Model

Basic Laws in Electric Circuits

Power conservation law

Basic Laws in Electric Circuits

@ At every instant, the total supplied power equals the total
absorbed power

e For the circuit below

e1(t)-i1(t)+7a(t)-u

5() = ua ()01 () +ua(t

) (t)+U3(t)-’i3(t)+U5 (t)-’ig,

(t)

C3

ia(t) ————»

}_B is(t) —

Rs

—_—

(D)o
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Basic Laws in Electric Circuits

Basic Laws in Electric Circuits E‘

Some other laws and properties
o Flux conservation in inductors
e Charge conservation in capacitors

@ Superposition property of linear circuits
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Chapter Outline E‘

@ Concepts of Kirchhoff Circuit Model

@ Kirchhoff Equations System of a Circuit
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(@76)sTeICy oIS INeT il AT Xel sV sTel s MGt IV LY IVl  [<irchhoff Equations System of a Circuit

Kirchhoff Equations System of a Circuit E‘

Variables and equations in a circuit analysis problem
e Unknown variables are currents and voltages on circuit elements

e For each element, if the current is known then the voltage can be
determined, and vice versa (except source elements)

@ On each branch, series-connected elements have the same current

= If there are b unknown branches, set up b equations to find b
variables

What type of equations?

@ A circuit has n essential nodes and [ fundamental loops that do
not contain current sources

= n — 1 equations from KCL
= [ equations from KVL
o Itiseasy toseethat l=b—(n—1)=b—n+1

v
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Concepts of Kirchhoff Circuit Model Kirchhoff Equations System of a Circuit

Kirchhoff Equations System of a Circuit
Cs Number of
n) A i B_is(t) 1 °
—’—:'——’—is }——’—:— equations: b =4

Yig(t) ———>

e Number of KCL
ex(t) l(f) | I | §L2 [ CT ZION equations: 3 —1 =2

o Number of KVL
equations: 4 —2 =2
@ Choose C as ground; write the KCL equations for nodes A and B
i1 () — ia(t) — is(t) = 0
ig(t) 4 ja(t) —i5(t) = 0

C

@ Choose loops I and II as shown; write the KVL equations

ul(t) + Uz(t) — el(t) =0
uz(t) +us(t) —u2(t) =0
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DC Linea rcuits in S

Course Outline E‘

© Linear Circuits in Steady State with DC Sources
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DC Linear Circuits in Steady State

Chapter Outline

© Linear Circuits in Steady State with DC Sources
e Kirchhoff Equation System of a DC Circuit
@ Branch-Current Method
e Power in DC Circuits

yén Bao Huy (HUST) Linear Circuits in Steady State

Hanoi, 2026

47/324



DC Linea rcuits in S 5 S Kirchhoff Equation System of a DC Circuit

Chapter Outline E‘

© Linear Circuits in Steady State with DC Sources
e Kirchhoff Equation System of a DC Circuit
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IBIGR BT TEET GV S LT ARSI PNl [Kirchhoff Equation System of a DC Circuit

Quantities in DC Circuits ”

e A DC circuit is a circuit whose sources are DC' sources
e A DC source supplies a voltage or current that is constant

(More generally, a DC source is a source whose current or voltage
does not change sign. In this section, only the special constant case
is considered.)

= In steady state in a DC circuit, all current and voltage quantities
are constant

u(t) = U = const
i(t) = I = const

= Power in a DC circuit is also constant

p(t) =u(t)-i(t) =U -1 = P = const
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IBIGR BT TEET GV S LT ARSI PNl [Kirchhoff Equation System of a DC Circuit

Elements in DC Circuits ”

o In DC circuits, the elements L. and C degenerate

@ Consider the characteristic relation of an inductor:

. dig(?)
ur, (t) =L dt

= ur(t) = 0 < the inductor is short-circuited

; in a DC circuit ir,(t) = I, = const

e Consider the characteristic relation of a capacitor:

duc(t)
t)y=0C"
c(t) i
= ic(t) = 0 & the capacitor is open-circuited

; in a DC circuit uc(t) = Uc = const

= A DC circuit is equivalent to a purely resistive circuit
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DC Linear Circuits in Steady State Kirchhoff Equation System of a DC Circuit

Kirchhoff Equation System of a DC Circuit E‘

Example 2.1

I R’y I Ry I Ry I Ry
P —— E— P —— P —
U v U U 7

—
s ulbe wg T a®)

ir(t)y=1I,=IL=1,
uc(t) =Uc = Ey — Uy
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DC Linea rcuits in Steady S S Branch-Current Method

Chapter Outline

© Linear Circuits in Steady State with DC Sources

@ Branch-Current Method
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DC Linear Circuits in Steady State Branch-Current Method

Branch-Current Method [

e The KCL and KVL equation systems contain both types of state
variables: currents and voltages

e A circuit with b branches has 2b unknowns (b currents and b
voltages) = direct solution is inconvenient

= We need to reduce the number of unknowns and equations

Branch-current method
@ The unknown variables are the currents flowing in the branches

= If the circuit has b unknown branches, set up b equations to find b
branch currents

@ Then use Ohm'’s law to determine voltages on branches and
elements
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IDIGR T LT Gl INOS I E A I TNl Branch-Current Method

Branch-Current Method E‘

Procedure: Start from the Kirchhoff equation system

o The KCL equations already use branch currents as variables =
keep them unchanged

e Convert the voltages in the KVL equations into relations of branch
currents using Ohm'’s law

/\ If there are dependent sources = must continue math operations
to have an equation system with only branch-current variables.

= Solve b equations in b branch-current unknowns = use Ohm’s law
to determine voltages on branches and elements

Summary
e Keep KCL in the form > I

e Convert KVL from the form ) U to the form ) (R-I)
= Solve for I = determine U

v
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Branch-Current Method

Example 2.2

Number of KCL equations:

Number of KVL equations:

Choose loops and voltage directions; write KVL equations:

Choose nodes and current directions; write KCL equations:

Em.\

uyén Bao Huy (HUST) Linear Circuits in Steady State Hanoi, 2026

55 /324



IDJOR B TCEN G IN S ISV RS Al Branch-Current Method

Branch-Current Method E‘
Example 2.2
T O T, 4
SO [ D
‘C
Kirchhoff equation system Branch-current equation system
L —I,—-1I3=0 L—Ir,—-1I3=0
Is+Js—15=0 Is —Is=—Jy
Uy+U;—E;1 =0 Ri-I1 +Ry- I = Fy
—U;+U3+Us =0 —Ro-Ib+Rs-Is+ Rs-I5=0
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Branch-Current Method E‘

Example 2.2

Substitute values:
e F1L=15V; R =5,
o Ry =8€0; R3 =64,
o Jy=1A; Rs =109Q.

Branch-current equation system Branch-current results
L —1I,—-1I3=0 I = A
Is—I;=-1 I, = A
5-I1 +8- I =15 I3 = A
—8-Iy+6-134+10-15=0 Is = A )

Nguyén Bao Huy (HUST) Linear Circuits in Steady State Hanoi, 2026 57 /324



IDJOR B TCEN G IN S ISV RS Al Branch-Current Method

Solution Method !‘

Write in matrix form

1 -1 -1 0] [n 0
0 0 1 —1||L| |-1
5 8 0 0| |B| |15
0 -8 6 10| [Is 0

Method 1: Use MATLAB (or equivalent tools such as Scilab)

>>A=[l-1-10; 001-1; 5800; 0-8 6 10];
»>» B = [0: -1; 15; 0];

e ¥ = inv(a)B @ Should be used only to verify
.- results

L 1seo @ Should not be overused,

1.1e98 because it can weaken

-0.0403 . .

0.9597 calculation skills

v
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Solution Method i

Method 2: Gaussian elimination (transform to upper triangular form)

1 -1 -1 0] O 1 -1 -1 0| O

0o 0 1 —-1]-1 o 0 13 5 0| 15

5 8 0 0] 15 o 0 1 —-1|-1

0 -8 6 10| O 0 -8 6 10| O
1 -1 -1 0 0 1 -1 -1 0 0
0 13 5 0 15 o 0 13 ) 0 15
0 0 90769 109,230 0 0 90769 10 9,230
0 0 1 -1 -1 0 O 0 —2,101 | —2,0168

= Iy = —2,0168 = (—2,101) = 0,9597 A
Is = (9,23 — 10 x 0,9597) = 9,0769 = —0,0404 A
I = (15— 5 x (—0,0404)) + 13 = 1,1694 A
I = 1,1694 + (—0,0404) = 1,1290 A

v
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Branch-Current Method E‘

Example 2.2

Substitute values:
e F1L=15V; R =5,
o Ry =8€0; R3 =64,
e Jy,=1A; Rs=109.

Branch currents Voltages
11 =1,1290 A Uy=R -1 =5x1,1290 = 5,645V
I, =1,1694 A Uy =Ry I =8x1,1694 = 9,3552V
I3 = —0,0404 A Us = Rs - I3 =6 x —0,0404 = —0,2424V
15 =0,9597 A Us = Rs - I5 =10 x 0,9597 = 9,597V )
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Chapter Outline

© Linear Circuits in Steady State with DC Sources

@ Power in DC Circuits
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DC Linear Circuits in Steady Power in DC Circuits

Power in DC Circuits ”

.......

Example 2.2

Substitute values:
e Fh=15V; R =5%;
e Ry =80Q; R3 =64
o Jy=1A; Rs =109.

Absorbed power on the resistors
e For a purely resistive circuit P=U-I=R-1-1=R-I?
= Pgr, =6,3732W; Pr, = 10,94 W; Pr, = 0,00979 W;
Pr, =9,2102W = )" P(abs) = 26,5332 W
Supplied power on the sources

e Pg (sup) = Ey -1, =16,935W; Py, (sup) = Jy - Us = 9,597 W
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Power in DC Circuits ”

e Dissipative elements (resistors) always absorb energy (Paps > 0)
e Electric-storage elements (capacitors) and magnetic-storage
elements (inductors) do not absorb energy; they only exchange
energy through charging and discharging
= If a circuit has only one source, that source must supply power
If there are multiple sources, some may supply power and others
may absorb power

Example 2.3

Es
I < >
hd e 1 =15V; E, =9V,
DR R=5Q;J=1A
= determine the power on the
elements

y
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Course Outline E‘

© Methods for Solving Linear Steady-State DC Circuits
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Methods for Solving Steady-State DC Circuits

Chapter Outline r

© Methods for Solving Linear Steady-State DC Circuits
o Loop Analysis
o Nodal Analysis
e Equivalent-Resistance Method
@ Superposition Method
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Methods for Solving Linear Steady-State Circuits E‘

Branch-current method

Easy to understand and easy to set up equations

® Many unknowns and many equations = difficult to solve

= Need to reduce the number of variables to simplify the problem

Approaches for simplifying the problem
e Introduce intermediate variables to simplify the equation system

1. Loop Analysis
2. Nodal Analysis

e Transform the circuit to simplify its structure

3. Equivalent-resistance method
4. Superposition method
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Chapter Outline E‘

© Methods for Solving Linear Steady-State DC Circuits
o Loop Analysis
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Loop Analysis E‘

Variables and equations

@ Instead of solving directly for branch currents, introduce “substituted
unknowns” as dummy currents flowing in the fundamental loops

= If the circuit has [ = b — n + 1 fundamental loops that do not contain
current sources, set up I equations to find [ loop currents

@ For each current source, a “discharging” loop is needed whose loop
current equals the source current A\ Don’t “discharge” through another
current source

= Independent current source doesn’t increase the no. of equations

@ Then determine each branch current as a combination of loop currents

Procedure
@ Set up [/ equations from KVL

@ Assign a reference loop current to each fundamental loop

@ Determine the “discharging” loop for current sources (if any)

v
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Loop Analysis E‘

Example 3.1
@ The circuit has 4
branches and 3 nodes
—ithas4—-3+1=2
fundamental loops

@ Define 2 loop currents
and 1 current-source
discharging loop

Branch-current equations on loops from KVL Relation between
@ Loop 1 branch currents and
loop currents
Ri-ILh+Ry-I,-FE; =0 pIurrrll
@ Loop 2 e Iy =ly

—Ry- I+ R3 I3+ R5-Is =0 o Iy=1Ivi—Ivs

(] IgZIVQ
o Is=1Iys+J4

o’
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Loop Analysis

Example 3.1

Substitute values

e E1=15V; R =5Q; | g i@) Iy Ry [IV? Q)J‘*@

o R2:8Q; R3=69;
e Jy=1A; Ry =10Q. 1€

= Loop-current equation system
(Ri+Ro)-Ivi — Ry - Iya = B4
—Ry-Iy1+ Ry +Rs+ Rs) - Iya = —Rs - Jy

Substitute values — solve equations — loop currents — branch currents

13‘[\/178'1\/2:15 I\/l: A 11: A;IQZ
= =
—8'IV1 +24I\/2 =-10 IV2 = A 13 = A, 15 =

A;
A.

v
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Solution Method E‘

Matrix form of the equation system
13 =8| [Iy1| | 15
-8 24| |Iyo|  |-10

e Method 1: Use MATLAB or Scilab (for cross-checking)

e Method 2: Elementary transformations or Gaussian elimination

Method 3: Use Cramer’s rule

Equation system A-z =15 Solution:
a1 ai2| |z1| _ |b S det Aj' Aj: replace jth column of
a1 ag| |z2|  |b2 77 det A’ matrix A by vector b

With det A = aq1 - asg — a1z - a9
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Solution Method

Matrix form of the equation system

13 8] [[a] [ 15
-8 24| |Iye| |-10
Apply Cramer’s rule
15 -8
—-10 24 2924 — ((=8) - (—
- _ 15U ((8) (£10) o0,
13 —8| 13-24— ((—8) (-8))
-8 24
13 15
-8 —10 13- (—10) — (15- (—8
Iyy = _ B L0205 (58) 4030
13 8| 13-24—((-8)-(-8))
-8 24
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Loop Analysis ”

Example 3.2

Jl = 1A; Rg :59; R3 269, J4 = 1,5A;

@ Number of unknown branches: 4
@ Number of nodes: 4

= Number of fundamental loops:
4-441=1

@ Number of independent current sources: 2

= Number of discharging loops: 2

@ Branch-current equation on the fundamental loop:
—Ry-Is—R3-I3—R5-Is—Rg-Ig+ E5=0

@ Replace branch-current variables by loop-current variables:
Ry-(=Iv +Js) + R3- (=Iy +J1) — Rs - Iv + Re - (—Iv + J1 + J4) = Es
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INGINAHTIN [.oop Analysis

Loop Analysis

Example 3.2

Es

J1 = 1A; R2 = 5Q; Rg = 69; J4 = 175A;
@ Simplify the loop-current equation
(Ro+ Rs+ Rs + Rg) - Iy =
(R3+R6)'J1+(R2+R6) -Jy— Ejx
@ Substitute values to solve for the
loop-current unknown

23 Iy = 21,5 = Iy = 0,0348 A

@ From there, determine the branch
currents, voltages, and power

/\ Some “quick calculation” shortcuts can be found in the references

/\ However, such shortcuts are easy to confuse in unusual cases
= regular method starting from Kirchhoff equations is safer.
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Chapter Outline E‘

© Methods for Solving Linear Steady-State DC Circuits

o Nodal Analysis
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Nodal Analysis E‘

Variables and equations
o The substituted variables are the node potentials of the circuit

= If the circuit has n essential nodes, set up n — 1 equations to find
n — 1 node potentials

@ Then determine branch currents from the node potentials

Procedure

@ Choose any node as the ground point with zero potential

@ Set up n — 1 equations from KCL

e This is the fundamental method for solving circuits containing
op-amps
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Nodal Analysis E‘

Example 3.3

@ The circuit has 3
nodes — it has
3—-1=2KCL
equations

@ Choose point C as
ground

@ The unknowns are the
potentials V4 and Vg )

= Node-potential equation system

KCL equation system Vit B Ve ViV
@ Node A: 1 — I, —I3=0 OT_E_TZO
0NOdeB213+J47]5:0 ou_@__{]

R3 Rs 4
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Methods for Solving Steady-State DC Circuits

Nodal Analysis

Example 3.3

Substitute values
@ F1=15V; Ry =54
@ Ry=80Q; R3=6%;
o J,=1A; Rs =10Q.

Substitute values

1 1 1 1 E 0,4917 - Va4 — 0,1667 - Vg = 3
<++)'VA_'VB:1 . ’
R3 Ry 0,1667 - V4 — 0,2667 - Vg = —1

Simplified node-potential equation system

Ry Ry Rj
1 1 1 Vi =9,3548V
— Vs — + ) -V =—J. = ’
Ry * <R3 Ry) T Vi = 9,5967V
Hanoi, 2026 78 /324
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Nodal Analysis E‘

Example 3.4: Case with a
dependent source

@ F1 =15V; Ry =5, m

B l(
] R2:8Q;R3:6Q;
1 R5=1()Q

Ji=0,5-Ug,

= Continue converting the dependent-source value into independent branch

currents
KCL equation system = Node-potential equation system
e Node A: [, — I, — I3 =0 o VatEL Va Va-Ve
R, Ry R3
@ NodeB: Is+Js—I5; =0
o VA~V o5 TVath Vb _,
S I3+25-11—1;=0 R3 ) R, R5_
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Nodal Analysis E‘

Example 3.5: Supernode case

This is the case where circuit nodes are connected by a voltage source, with
no “buffer” resistor

X Solve as in Example 3.3 and then set Ry =0
— indeterminate equation system — cannot be solved

v Potential V4 = F; — only one equation is needed to find potential Vg
— A supernode reduces the number of unknowns
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Nodal Analysis E‘

Example 3.6: Circuit with multiple supernodes

R g 1 R
I — e
— e
s
: 16} -
L e
— p T—
R3 o ___ ! R4
G)
N
Ey
@ Choose one node as the reference, e.g., node C = V4 = Ej
@ Potential difference BD: Vg — Vp = FEj5
@ Apply the extended KCL to the closed region BD

v
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Nodal Analysis E‘

Example 3.7: Circuit with multiple supernodes and a dependent source

E,=20V; Ry, =3Q;
R3=1Q; Ry =44,
J5 = IOA; R6 = 69;
E7:3~UR2; Rg =20Q.

uyén Bao Huy (HUST) Linear Circuits in Steady State Hanoi, 2026 82 /324



Methods for Solving Steady-State DC Circuits [N NESTEIEITPeter- MY [3asTole!

Chapter Outline E‘

© Methods for Solving Linear Steady-State DC Circuits

e Equivalent-Resistance Method
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Methods for Solving Steady-State DC Circuits

Equivalent-Resistance Method

Series circuit: equivalent resistance equals total resistance

Rl I RZ Rn Req I
>
U U

Req=R1+R2+...+Rn

Parallel circuit: equivalent conductance equals total conductance

Ry

uyén Bao Huy (HUST) Linear Circuits in Steady State
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Equivalent-Resistance Method E‘
Voltage-division formula
Ry,
G 1 f la: Uy = =7—— - U
R Ry o General formula: Uy, ST R,
U, U, e Two-element case (common)
v U By Ry
1= Rl + Ry 2= Rl + Ry
Current-division formula
.z
A2 len
1 o General formula: [, = —=+—+ -1
! | g > i1 Gi
i 2 e Two-element case (common)
—{
Ry Ry
. L=—"2 . L=—""1 7
v "R+ Ry " Ri+ R

v
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Equivalent-Resistance Method

Equivalent-Resistance Method

gm...\

Wye—delta transformation

(2 Rbc

ic ib ic
Ra . Rb Rca . Rab
Rop = Ro + Ry + Ri=——"—FF"—"—
’ ’ Rc Rab + Rbc + Rca
Rb . Rc Rab . Rbc
Y —>A: Ry.=Rp+ R.+ A—->Y: Rp=———F——
’ ’ a ’ Rab + Rbc + Rca
RC . Ra Rbc : Rca
R., = R.+ R, Ro=—7-—7+—7—7-
ca et fia Rb ¢ Rab + Rbc + Rca
yén Bao Huy (HUST)
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Chapter Outline E‘

© Methods for Solving Linear Steady-State DC Circuits

@ Superposition Method

n Bdo Huy (HUST) Linear Circuits in Steady State Hanoi, 2026 87 /324



Methods for Solving Steady-State DC Circuits [ESItjeISgsteriintels Y (17 Texe!

Superposition Method E‘

o A linear system satisfies the superposition principle

= The superposition principle can be used to simplify the analysis of
linear circuits

Superposition in linear circuits with multiple sources

o Currents and voltages in the circuit are the algebraic sum of the
currents and voltages produced by each independent source while
the other independent sources are “turned off”

How to “turn off” (or “suppress”) a source
e Independent voltage source — Short circuit
@ Independent current source — Open circuit

@ Do NOT turn off dependent sources
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Superposition Method !‘

Example 3.8: Determine current I3 using superposition

R A g, R &
OLEN O O
C

Solution
@ I3 =131+ I3+ I35

I31 is the current through R3 when only E; acts, with Jy and Es off

I35 is the current through R3 when only Js acts, with E7 and Es off

I35 is the current through R3 when only FEs5 acts, with Jy and Ep off

v
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Superposition Method E‘

Example 3.8: Determine current I3 using superposition

O O [ O
C
) I3 = Rielq
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Superposition Method E‘

Example 3.8: Determine current I3 using superposition

s O | =®
C
LI N R
{%42—{: L Component I3
R4 R
D [ | kil
2 4
Ry
I30 = ——— - J.
C 2T R+ Ry
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Superposition Method E‘

Example 3.8: Determine current I3 using superposition

R R B
e e
©s O+ [ =0
C
Rl A T. R3 B R5
R S BN — Component T,
R4 . (Rl + R3)
Req =Rs + 5———F—
Dm s(X) T TR R R,
JA -
32 = — P L R.t R,
C Req Rl + R3 + R4

yén Bao Huy (HUST) Linear Circuits in Steady State Hanoi, 2026 92 /324



Methods for Solving Steady-State DC Circuits [ESItjeISgsteriintels Y (17 Texe!

Superposition Method !‘

Example 3.9: Superposition in a circuit with a dependent source

:]Rl A 1 [:RS B ﬁ
OLI O PO
C

Solution
@ I3=1I35 + I3
@ [3; is the current through R3 when only F; acts and Jy off
@ I35 is the current through Rz when only Jy acts and Ey off
/\ Do not turn off the dependent source Jy

v
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Superposition Method E‘

Example 3.9: Superposition in a circuit with a dependent source

— L 1] |
B —
GLER O Dr =@
C
By A Iy fs B [Ll Component I3;
—1__ F——{ ] ]
E—— @ Open-circuit source Jo
C—i_) B, T I B @) ° F-indllgl us.ing a
circuit-solving method
(for example, nodal
C analysis)
v
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Superposition Method E‘

Example 3.9: Superposition in a circuit with a dependent source

oA Mg fs
—1__ F—— 1 |
—_—»
GLEO) DEIIE)
C
Ry A I, B B Rs Component I3,
— A -
E— @ Short-circuit source F,
7 Q) T . B @) ° Fiind.lgg us.ing a
circuit-solving method
(for example, loop
C analysis)
v
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@ Linear Circuits in Steady State with Sinusoidal Sources
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AC Linear Circuits in Sinusoidal Steady State

Chapter Outline ”

.......

@ Linear Circuits in Steady State with Sinusoidal Sources
e Sinusoidal AC Quantities
@ Characteristic Equations of AC Circuit Elements
o Kirchhoff Equations in AC Circuits
o Using Complex Numbers to determine Sinusoidal Quantities
@ Phasor Representations of Circuit Elements
@ Phasor Representation of a Circuit and Kirchhoff Equation System
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Chapter Outline E‘

@ Linear Circuits in Steady State with Sinusoidal Sources
e Sinusoidal AC Quantities
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Sinusoidal AC Quantities

o AC quantity has instantaneous value whose sign changes over time

o If the change repeats with period T (frequency f =1/T), it is
called a periodic quantity

o If the periodic function is sin or cos, it is a sinusoidal function

Uy, Ip: amplitude; ¢, 0: phase angle;

u(t) = Upsin (wt + ) V
w: angular frequency;

i(t) = Iosin (wt + 0) A w=2nrf=2r/T
U §
/ > Wt
7N

—uy(t) = Up sin (wt)
--- ug(t) = Upsin (wt + ¢)
T —— RMS value Up/v/2
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Chapter Outline E‘

@ Linear Circuits in Steady State with Sinusoidal Sources

@ Characteristic Equations of AC Circuit Elements
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Characteristic Equation of AC circuit Element

Voltage source
e(t)

iab (t)
Upa (f)

o up,(t) = e(t) = Egsin (wt + @), Vig(t), Vi

Current source
i)

® iab(t)< > ®

«—
uba(t)

o iap(t) = j(t) = Josin (wt + ), Yupa(t), Vt

v
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Characteristic Equation of AC circuit Element E‘

Resistor

@ ig(t) = Ipsin (wt + 0)
= Ugp(t) = R igp(t) = R - Ipsin (wt + 0)

Conductance
@ ugp(t) = Upsin (wt + @)
= dap(t) = G- ug(t) = G - Upsin (wt + ¢)

= Current and voltage on a resistor (and conductance) have the
same frequency and are in phase
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P O B 5STCES G INAISIASIE s SI BLI IS EVIISIASE Y A S A Aclll  Characteristic Equations of AC circuit Elements

Characteristic Equation of AC circuit Element E‘
Capacitance (capacitor)
C(F)
tab(t)
(a)o—>—— ——(b)
—_—
Uap(t)
o ugp(t) = Upsin (wt + ¢)
. . duab( ) d :
= ig(t)=C- pn =C- 7 (Up sin (wt + ¢))
=C-Up-cos(wt+¢) w=wC-Upsin (wt + ¢ + 90°)

= Current and voltage on a capacitor have the same frequency and
are in quadrature

e Capacitor current leads capacitor voltage by 90°
e Capacitor voltage lags capacitor current by 90°
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P O B 5STCES G INAISIASIE s SI BLI IS EVIISIASE Y A S A Aclll  Characteristic Equations of AC circuit Elements

Characteristic Equation of AC circuit Element E‘

Inductance (inductor)

@ igp(t) = Ipsin (wt + 0)
diab(t)
: S
dt dt (
=L-1y-cos(wt+0) -w=wL-Iysin (wt + 6 + 90°)

= uab(t) =1L

Iy sin (wt + 0))

= Current and voltage on an inductor have the same frequency and
are in quadrature

e Inductor voltage leads current by 90°

o Inductor current lags voltage by 90°
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P O B 5STCES G INAISIASIE s SI BLI IS EVIISIASE Y A S A Aclll  Characteristic Equations of AC circuit Elements

Characteristic Equation of AC circuit Element E‘

Mutual inductance between coils

o il(t) = I;sin (wt—l— 91)
) ig(f) = I5sin (wt + 92)

diy (t) dia(t)
=L M-
= U] (t) Ly i + i
L dig() dir (¢)
u9 (t) = Lg dt + M dt

= ui(t) =wly - Iy sin (wt + 01 4+ 90°) = wM - I sin (wt + 02 + 90°)
ug(t) = wLg - Iy sin (wt + 02 + 90°) £ wM - I sin (wt + 01 + 90°)

v

= Currents and voltages on magnetically coupled coils have the same
frequency and are phase shifted relative to one another

@ The phase shift depends on the coupling sign and on 61 and 6-
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Characteristic Equation of AC circuit Element E‘
Voltage-controlled voltage Current-controlled voltage
source source

Upa (t) = e(t) Upg (t) = e(t)
.—©—‘ .—©—‘
e(t) =k- ucd(t) e(t) =k- icd(t)
(©)e Uea(t) ©
\ ch<t)
@ @
= e(t) is a sinusoidal function = e(t) is a sinusoidal function
with the same frequency with the same frequency
and same phase as u.q(t) and same phase as iqq(t)
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AC Linear Circuits in Sinusoidal Steady State

Characteristic Equation of AC circuit Element

Voltage-controlled current
source

4 4

C:'517()=j( ): ®

= j(t) is a sinusoidal function
with the same frequency

and same phase as uqq(t)

Characteristic Equations of AC circuit Elements

gm...\

Current-controlled current
source

4 4

égb():j( ): @

G(t) =k -icq(t)

@\%\Z\d%

= j(t) is a sinusoidal function
with the same frequency
and same phase as iqq(t)

Nguyén Bao Huy (HUST)
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AC Linear Circuits in Sinusoidal Steady State

Characteristic Equation of AC circuit Element

Operational amplifier (op-amp)

o All quantities in the circuit
are sinusoidal functions
with the same frequency

o The phase angles between
quantities depend on the
circuit structure and
element values

@ The characteristic relation
keeps its general form

itx0; i~
{UC(t) = A (vp(t) — va(?))

Characteristic Equations of AC circuit Elements

Em...\

4

Ideal op-amp

o Gain A =0

it=0i" =0
va(t) = vp(t)
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Circuits in Sinusoidal Stea 5 - Kirchhoff Equations in AC circuits

Chapter Outline E‘

@ Linear Circuits in Steady State with Sinusoidal Sources

o Kirchhoff Equations in AC Circuits
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AC Linear Circuits in Sinusoidal Steady State [ECIZaNTeIsilNIIENTIeI T W GHSITAISITS]

Kirchhoff Equations in AC circuits E‘

e KCL and KVL are stated generally for all forms of current and
voltage

= KCL and KVL keep the forms ) i(t) = 0 at a node and Y u(t) =0
around a loop, with u(t) and i(¢) as sinusoidal functions

/A However, direct calculations with sinusoidal functions are not

simple
Example 4.1: Determine voltage u(t)
i) R©) L(H)
—’—Q —W— i(t) = 2sin (5t + 20°)
ua (t) uz(?)
> R=6Q; L=05H
u(t)
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AC Linear Circuits in Sinusoidal Steady State [ECIZaNTeIsilNIIENTIeI T W GHSITAISITS]

Kirchhoff Equations in AC circuits E‘

Example 4.1: Determine voltage u(t)

ity RO f%%{@)\
+ug(t)> Tw' i(t) = 2sin (5t 4 20°)
' R R=6Q; L=05H
u(t)

o KVL equation: u(t) = u1(t) + ua(t)
e ui(t) = R-i(t) = 12sin (5t + 20°)
o ug(t) =wlL - Iy sin (wt + ¢ +90°) =5-0,5- 2sin (5¢ + 110°)
= u(t) = 12sin (5¢ + 20°) + 5sin (5t + 110°)
=122 + 52 (\/ulfw sin (5t + 20°) + —5— cos (5t + 20°)>

= V122 + 5%sin (5t + 20° + 22,62°) = 13sin (5¢ + 42,62°) V &
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Circuits in Sinusoidal S

Chapter Outline E‘

@ Linear Circuits in Steady State with Sinusoidal Sources

o Using Complex Numbers to determine Sinusoidal Quantities
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AC Linear Circuits in Sinusoidal Steady State [@ERNBIRES]

Idea E

e (Calculations with trigonometric functions are difficult — convert
to a form that is easier to determine

e Consider the AC quantity f(t) = Fpsin (wt + ¢)
o If all current and voltage quantities are sinusoidal functions

= Only 3 parameters, Fy, w, and ¢, are sufficient to represent f(t)

o If all sources in a linear circuit have the same frequency and
considering that electrical engineering emphasizes the RMS value

= Only 2 parameters, Fy/v/2 and ¢, are sufficient to represent

f(t)
= We need a vector with magnitude Fy/v/2 and angle ¢

In the language of linear algebra, the space of same-frequency sinusoidal
quantities in a circuit and the space of vectors of RMS values and phase angles are

two isomorphic spaces.
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AC Linear Circuits in Sinusoidal Steady Stat

Phasor Concept

o Revisit Example 4.1
i(t) = 2sin (5t + 20°)
R=6Q;L=05H

i) R L()
7000\
ur () ’ us(t)

MQuantities

gm...\

uy(t) = 12sin (5t + 20°)
us(t) = 5sin (5t + 110°)
u(t) = 13sin (5t + 42,62°)

o Geometric vector operations are still inconvenient for complex

circuits

= use complex numbers (Steinmetz, 1893)
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Quantities

AC Linear Circuits in Sinusoidal Steady State

Review of Complex Numbers

o Complex numbers extend the set of real numbers by adding an
1maginary component
r=a+7j-b
where (a,b) is a pair of real numbers and the imaginary operator is
j=v-1
@ A complex number has 2 components — it can be represented on
the compler plane with the real axis Re and imaginary azis Im

Im
A
r=a+7j-b
jrbp--memo- ‘
| = Re(x)
: b = Im(x)
(11 » Re
Hanoi, 2026 115 /324
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C Linear Circuits in Sinusoidal Steady State [@IVERNsIatH]

Review of Complex Numbers ”

@ As a vector on the complex plane — it can be written in terms of
modulus and angle
r=r-e¥
@ Modulus » >0
e By convention, the positive direction and the value of ¢ are
counterclockwise from the Re axis
e Conventional range of ¢: [—180°,180°]

Im
A

r=r-el® r=|z| = Va*+b?

b
r=|z| (p = arctan <a>

e Euler’s formula

> Re eJ? = cosp+ 7 -sing
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AC Linear Circuits in Sinusoidal Steady State [@BERNRIRES]

Phasor Representation of a Sinusoidal Quantity E‘

Phasor concept

o Let & be the mapping from the space of same-frequency
sinusoidal functions in the time domain to the phasor space in
the complex domain

= The phasor of the quantity f(t) = Fpsin (wt + ¢) is

. Fy . F
F=2(ft) = 5 = 2

A\ Some phasor definitions use amplitude and/or the cosine function

v

Linearity of the phasor mapping
e Given a function f(t) =ay - fi(t) + a2+ falt) + ... +an - fn(t)
= F=2(f(t)) =a1- 2 (L) +as- P (fa(t) +...+an - P (fn (1))
=ay-Fi+ay-Fy+...+an-Fy
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AC Linear Circuits in Sinusoidal Steady State [@BERNRIRES]

Phasor Representation of a Sinusoidal Quantity

Phasor of differentiation

=

=

Given f(t) = Fpsin (wt + ¢)

d

%f(t) = w - Fysin (wt 4+ ¢ + 90°)
Phasor of the derivative

P <5tf(t)> =2 (w- Fysin (wt + ¢ +90°)) = W\'/go /¢ +90°
w-Fy

o . FO - R F(]
= 7 el (9+90°) :jwﬁew :]wﬁﬁ

=jw- 2 (f(1))

The phasor of the derivative equals the phasor of the function
multiplied by jw

gm...\
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AC Linear Circuits in Sinusoidal Steady State [@BERNRIRES]

Phasor Representation of a Sinusoidal Quantity E‘

Phasor of integration
e Given f(t) = Fysin (wt + ¢)

—1
= /f(t)dt—Fosin(wt—i-gO—i-QOo)
w

= Phasor of the integral

33</f(t)dt> :@( ng1n(wt—|—90+900> \fM

—F0 ooy _ =3 Fo jo _ =7 FO

V2 R NS
1
=— - Z(ft))
Jjw
= The phasor of the integral equals the phasor of the function
divided by jw

v
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AC Linear Circuits in Sinusoidal Steady State [@BERNRIRES]

Using Phasors to determine Sinusoidal Quantities

Example 4.2
e Given the currents i1(t) = 2sin (5¢ 4+ 20°) A;
i2(t) = 3sin (5t 4+ 60°) A; i3(t) = 5sin (bt — 15°) A
determine i4(t) = i1 (t) + i2(t) + i3(t)
e Phasor method
Iy=05LH+1+13
2 3
= /20° + = /60° + —=/—15°
V2 V2 \f
= 5,972/13,61° A

= i4(t) = 5,972v/2sin (5t + 13,61°) A

Em...\
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Circuits in Sinusoidal Stea 5 - Phasor Representations of Circuit Elements

Chapter Outline E‘

@ Linear Circuits in Steady State with Sinusoidal Sources

@ Phasor Representations of Circuit Elements
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XOR BT A G IV I S s WS RV I e LA ALY A I Al Phasor Representations of Circuit Elements

Independent Voltage Source

Independent voltage source in the time domain

e(t)

@Im@—‘@

Upq (t)
upa(t) = e(t) = Epsin (wt + @), Vias(t), Vi

Phasor of an independent voltage source
E
jab I:
Uba
Uba = E7 vjab )
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XOR BT A G IV I S s WS RV I e LA ALY A I Al Phasor Representations of Circuit Elements

Independent Current Source

Independent current source in the time domain
) J(t)
Lab
@._._@_.@
4—
Upa (t)
7;ab(t) = ](t) = Josin (Wt + 0)7 Vg, (t)7 vt

Phasor of an independent current source
. J
Do —®
4—
Uba

jab = j7 vUba

v
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XOR BT A G IV I S s WS RV I e LA ALY A I Al Phasor Representations of Circuit Elements

Resistor

ki Ko

Resistor (and conductance) in the time domain

uab(t)
uab(t) =R Z‘ab(t); iab(t) =G- Uab(t)

Phasor representation of a resistor (and conductance)

i R(Q)
Iab
O G
Uab
UabzR'jab; jabzG'Uab;
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XOR BT A G IV I S s WS RV I e LA ALY A I Al Phasor Representations of Circuit Elements

Capacitance (Capacitor)

Capacitor in the time domain

o)
@ iab(t) @

) duab (t)

ia(t) = C - =22

= wC' - Uy sin (wt + ¢ + 90°)

Phasor representation of a capacitor

. Ze(Q) ; oo
Lap ab = JW ab
® ——® |
EEEEr— = Uab = Iab = ZC : Iab
Uab C
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VO B ETCES G ENIT TSI S oS DI IS EVIISIASE YA I NIl P hasor Representations of Circuit Elements

Inductance (Inductor)

Inductor in the time domain

iab (t) L (H)

00 —0o
@ o= T0—5— ()
uab(t)
digp(t

Uqgp(t) = L - Z(z;t( ) =wl - Iysin (wt + 6 + 90°)

Phasor representation of an inductor
@Jm\—-@ Uab = jwlL - Iap
'—> .
Uab =Zr 1o

= The concept of complex impedance Zo and 7},
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VO B ETCES G ENIT TSI S oS DI IS EVIISIASE YA I NIl P hasor Representations of Circuit Elements

Mutual Inductance Between Two Coils E‘

Phasor representation of mutual
inductance

Mutual inductance in the time
domain

00—
@ jl ZL1<Q) @

© > Zn(9)

. 2
s S

diQ(f) U1 = ijl II :tjw]\{ I2

dt =Zp, T+ 2Zy - I
. da(®) Up = jwlLs - Iy £ jwM - I
dt =27, It Zy-h

v
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AC Linear Circuits in Sinusoidal Steady State

Phasor Representations of Circuit Elements

Phasor Representations of Dependent Sources

Voltage-controlled voltage

Current-controlled voltage

source source
Upo = F Upo = F
-« -«
E:k-Ucd E:k'ch
° .
© 0. © .
ch
@ @
v
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VO B ETCES G ENIT TSI S oS DI IS EVIISIASE YA I NIl P hasor Representations of Circuit Elements

Phasor Representations of Dependent Sources E‘

Voltage-controlled current
source

Current-controlled current
source

@jabj : ® @Iab:j ®

J=k-I.4

©e . ©

yén Bao Huy (HUST) Linear Circuits in Steady State Hanoi, 2026 129 /324



VO B ETCES G ENIT TSI S oS DI IS EVIISIASE YA I NIl P hasor Representations of Circuit Elements

Phasor Representation of the Operational Amplifier E‘

A— @

Practical op-amp

@ The characteristic relation
keeps its general form 1

IT~0; I"~0
Vo=A(V-7,)

Ideal op-amp

o Gain A =00

s j+:0;j_=0
Va:%
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Circuits in Sinusoidal Stea 5 S Phasor Circuit and Kirchhoff Equation System

Chapter Outline E‘

@ Linear Circuits in Steady State with Sinusoidal Sources

@ Phasor Representation of a Circuit and Kirchhoff Equation System
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C Linear cuits in S s S y S Phasor Circuit and Kirchhoff Equation System

Phasor Representation of a Circuit E‘

Circuit in the time domain

C.
a0 P A a@ | B s T

E—

in(t)
| et L, (1)
¢
) V.
Phasor representation of the circuit
ZL! .
L VR
— |5 | =
Eli %ZIQ (T J
C
v

Huy (HUST) Linear Circuits in Steady State Hanoi, 2026 132 /324



P O B 5TCES G INIT TSI oS B LI IS EVIISI TSV A I EAAIll P hasor Circuit and Kirchhoff Equation System

Phasor Representation of the Kirchhoff Equations E‘

Circuit in the time domain

C3
aW) A A i) || B s M .
ey pyags | g e S i1(t) — ia(t) 1'3( )=0
| is(t) + ja(t) — is(t) = 0
b (g (Do ur, () + (1) — ex(t) =
|C UCs (t) + URs (t) — ULy (t)
Phasor representation of the circuit
. . 2oy . . . .
by AL H B L L —1,—13=0
f j3 + j4 — j5 =0
Eﬁl %ZL; (D Ja URl + UL2 _ El — 0
C ch—i-URE)—ULQ:O
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P O B 5TCES G INIT TSI oS B LI IS EVIISI TSV A I EAAIll P hasor Circuit and Kirchhoff Equation System

DC Circuits and Phasor Circuits E‘

DC circuit

, A 1, 1 B 1, B

R 12"3‘14"( N 11—12—13:0
Is+J,— 15 =0
E‘i [}RQ N URl —f-UR2 —F1=0
¢ : Ur; + Urs —Ur, =0

Phasor representation of a AC circuit
. . Zoy . . . .
L A D H B L Ii =1, -13=0
-1 —— . . :
2 Is+Jy— 15 =0
Eli %ZLZ CT S URl + UL2 — El =0
C UCg+UR5_UL2:0
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AC Linear Circuits in Sinusoid y Exercises

Exercises

Ji(t) = 2sin 50t A

Ja(t) = 3sin (50t 4+ 30°) A
e7(t) = 80sin (50t — 45°) V
es(t) = 45sin (50t + 90°) V

Ry =20Q; Rs =16
Rg=24Q; C3 =04mF
determine the impedances

Write the Kirchhoff equation
systems
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Methods for Solvi ad te AC circuits

Course Outline E‘

@ Methods for Solving Linear Steady-State AC circuits
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Methods for Solving Steady-State AC circuits

Chapter Outline ”

.......

@ Methods for Solving Linear Steady-State AC circuits
@ Branch-Current Method
e Loop Analysis
@ Nodal Analysis
e Equivalent-Impedance Method
@ Superposition Method
e Power in Sinusoidal AC Circuits
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Methods for Solving Steady-State AC circuits

Characteristic equations
in the time domain

u (t) = Uy sin (wt + ¢)
i(t) = Ipsin (wt + 0)

Phasor
dir, (1)
_ &L
ur (t) dt
i duc (t)
t) =Cc—~2
ie(t)=C—g )
L+ = X+

A\

Solution in the time

domain Inverse phasor

u(t) ;i(t)

/én Bao Huy

(HUST)

Linear Circuits in Steady State

Introduction

Solving Circuits in the Complex Domain

Linear algebraic equations
in the complex domain

UL :ijjL :ZLjL
. 1 . .
Uc=——=lc=2Zc1
C ij C cic

[+ =%+

Solution in the complex

domain

U; I
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Methods for Solvi ad ICNONGIAENN Branch-Current Method

Chapter Outline E‘

@ Methods for Solving Linear Steady-State AC circuits
@ Branch-Current Method
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Methods for Solving Steady-State AC circuits

Branch-Current Method

Example 5.1
@ 5 branches — 5 equations in 5

unknowns

@ 3nodes »>setup3—1=2
KCL equations and 5 — 2 = 3
KVL equations

Kirchhoff equation system
@ Node A: Iy — I — Is+J =0
@ Node B: I3 — I, —Is —J =0
o Loop I: Uz, + Uz, — E1 =0
o Loop Il: ~Uy, + Uz, + Uz, =0

e Loop III: —Uyz, + Uz, —E5 =0

Branch-Current Method

Branch-current equation system
AL —L—I3+J=0
B:ls—I,—I;—J=0
L L2+ 122y — By =0

I —[4Zy — Es+ 1525 =0

II: 7]:222 + ngg + j4Z4 =0

/én Bao Huy (HUST) Linear Circuits in Steady State Hanoi, 2026
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Methods for Solving Steady-State AC circuits [EESHERIE@IIIS L Aa\Y (S1d Tetel

Branch-Current Method

Example 5.2
Determine the currents using the branch-current method
e1(t) = 12¢/2sin (10t 4 20°) V;
R, =5%Q; L, =0,3H;
C3=0,02F; R5; = 8%;
ja(t) = +/2sin (10t — 15°) A.

/én Bao Huy (HUST) Linear Circuits in Steady State

Hanoi, 2026

141 /324



Methods for Solving Steady-State AC circuits [EESHERIE@IIIS L Aa\Y (S1d Tetel

Branch-Current Method E‘

Example 5.2: convert to the complex domain

By =12/20° V;

R1 = 5Q; ZL2 :]3Q,

Zo,=-i5% Ry =8% £ |()| sz[ Ma

Jy =1/-15°A.

C

Kirchhoff equation system Branch-current equation system
Ojlfjgfjgzo ofl—fg—f3:0
0j3—j5+j:0 0[3—[5+J:0
OUR1+UL2—E1:O OR1j1+ZL2j2—E1:O
o UC3 +UR5 _ULQ =0 o ZC3j3+R5j5_ZL2j2:O )
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Methods for Solving Steady-State AC circuits [EESHERIE@IIIS L Aa\Y (S1d Tetel

Branch-Current Method E‘

Matrix form of the equation system

o Substitute I; = I + j3 and f5 = f3 + J into loops I and II
Ri+Zrp, Ry -f2 _ B '
—Zr, Rs 4+ Zc, | |13 —RsJ
o[t 5 L] _ [ 12/20°
—j3 8 —j5| [I3| |—-8/—15°

@ Solve using Gaussian elimination or Cramer’s rule
I = 1,6405/-22,25° = i1 (t) = 1,6405/2sin (10t — 22,25°) A
Iy = 2,6988/-27,07° = is(t) = 2,6988+/2sin (10t — 27,07°) A
Iy = 1,0730/145,55° = i3(t) = 1,0730+/2sin (10t + 145,55°) A
Is = 0,3575/76,88° = i5(t) = 0,3575+/2 sin (10t + 76,88°) A

v
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Methods for Solvi ad (TWNONSINAHEIN [.oop Analysis

Chapter Outline E‘

@ Methods for Solving Linear Steady-State AC circuits

e Loop Analysis
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Methods for Solving Steady-State AC circuits

Loop Analysis

Example 5.3

@ The circuit has 5 branches and 3
nodes — ithas5—-3+1=3
fundamental loops

@ Define 3 loop currents and a
current-source discharging loop

Branch-current equations on loops

from KVL
e Loop 1: 1 Z1+ I,Zy — E; =0
@ Loop 2: —ngg + ngg + j4Z4 =0
@ Loop 3: —j4Z4 + f5Z5 — E5 =0

v

(HUST)

yén Bao Huy

Linear Circuits in Steady State

Loop Analysis

gm...\

Relation between branch currents
and loop currents
° jl = jv1; 1;2 = jv1 - jv2
° Is=1Iva+J; Iy =1va—Ivs
o Iy=1Iys
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Methods for Solving Steady-State AC circuits [EESIS)sRACENAIT

Loop Analysis E‘
= Matrix form of the loop-current equation system
21+ Zy —Zs 0 I:Vl Ey _
—Zy Lot Z3+ 2y  —Zy Iyo| = | =Z3J
0 _Z4 Z4 + Z5 Ivg E5

Supplement: Sarrus’ rule for computing a 3 x 3 determinant

o For matrix A3*3

= The determinant of the matrix

aii ai2 ais aii ai2 -
det A = ajiaz2a33 + a12a23a31

AN % s
a1 Q22 AG23 | G21 W22 “+ a13a91032 — A31022013
S X AN

— 32G23G11 — A33021012
asy Aasz2 a3z | A3l 32 +

A\ This rule is NOT valid for determinants of order > 4
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Methods for Solving Steady-State AC circuits [EESIS)sRACENAIT

Loop Analysis !‘

Example 5.4

Solve the circuit using the loop analysis

By = 12/20° V;
R1 = 5Q; ZLz :]3Q,

Zoy,=—j50 Ry =80 I l@) Zs CD g

Ji=1/-15°A.

Branch-current equations on loops | Relation between branch currents and

from KVL loop currents
o Ryl + Zoly — E1 =0 o Iy =1y ;I =1Iyi —Iya
® ZoyIs + Rsls — Z1,1, =0 o Iy=1Iyo; Is=1Iya+J
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Methods for Solving Steady-State AC circuits [EESIS)sRACENAIT

Loop Analysis

Matrix form of the loop-current equation system
[R1 + Zr, —2ZL, ] [I:w} _ [ Ey }
—Zr, L1, + Zcy + Rs| | Iyo —RsJ
o [pta3 =53 Iyh] [ 12/20°
—j3 8 —j2| |Iyo| |—-8/—15°
@ Solve the system using algebraic methods

Iyy = 1,6403/—22,25° A
Iy = 1,0730/145,55° A

= determine the branch currents and other quantities

Nguyén Bao Huy (HUST) Linear Circuits in Steady State Hanoi, 2026
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Methods for Solvi ad WA ONGIYNINEIN Nodal Analysis

Chapter Outline E‘

@ Methods for Solving Linear Steady-State AC circuits

@ Nodal Analysis
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Methods for Solving Steady-State AC circuits

Nodal Analysis

Example 5.5

@ The circuit has 3 nodes —
3 — 1 =2 KCL equations

@ Choose point C as ground

@ The unknowns are ‘_che
potentials V4 and Vp

KCL equation system
@ Node A: fl—fQ—f3+j:O

v

Nodal Analysis

- =—J
A Z3 Z3
OVA—VB_@_VBﬁ-Es b
Z3 Zy Zs
Hanoi, 2026 150 / 324
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Methods for Solving Steady-State AC circuits [ENIYEVRESENREIE]

Nodal Analysis E‘

Example 5.6

Solve the circuit below using the nodal analysis

By = 12/20° V;
ZCg = —j5Q; R5 = SQ;

Jy=1/-15°A.
Node-potential equation system
KCL equation system —Vi+ By Vi Vi-Vg
. . . o — — — —— == =9
o1 —Ih—-I3=0 Ry AR Zcs
Iy—Is+J,=0 Va—-Ve Vg
$ 354 o A B _B L j—0

Zc3 Rs
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Methods Solvi TSI TR NGRS Nodal Analysis

Nodal Analysis E‘
Matrix form of the node-potential equation system
11 1 1 i B
— + + — ’ —
R Zi,  Zo,  Zoy | |VA|_ R
1 11| |y .
_ — 4+ L B J
Ze, Rs ' Zc, 4]
111 1 - -
b Lo L1 |vs 1/-15°
—35 8 —j5 . )
@ Solve the system using algebraic methods
V4 = 8,0964/62,93° V
Vi = 2,8603/76,88° V

v
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Methods for Solving Steady-State AC circuits

Nodal Analysis
Consider an op-amp circuit
Ry

Vout

Ry

Exercise:
Inspect the solution and
comment on the circuit

property.

uyén Bao Huy (HUST)

Linear Circuits in Steady State

Nodal Analysis

Ideal op-amp

@ Ideal input currents are zero
= [t=0,1"=0
@ Ideal gain is co

= Vt=Vv-

gm...\

It —Iro—Ic =0

V; 1% 1%
N Vin out out -0
R1 R2 ZC
1
= Vout = _71‘/;'71
C
R2 + jw )
Hanoi, 2026

153 /324



Methods for Solvi ad te AC circuits Equivalent-Impedance Method

Chapter Outline E‘

@ Methods for Solving Linear Steady-State AC circuits

e Equivalent-Impedance Method
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Equivalent-Impedance Method

Methods for Solving Steady-State AC circuits

Equivalent-Impedance Method E‘
Series circuit: equivalent impedance equals total impedance
Zl ] Zz Zn Zeq I
e L =
= > U
Zeq:Z1+ZQ+---+Zn
Parallel circuit: equivalent admittance equals total admittance
Z1
Y;sq:Y1+YV2++Yn
& L1 + ! +...+ !
Zeq Zl Z2 o Zn
Hanoi, 2026 155 /324
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Methods for Solving Steady-State AC circuits [EDIGLLEAIEY (Ietrm §ssyoT=te P sTel- MY Koin sYeTe

Equivalent-Impedance Method E‘
Voltage-division formula
General formula: U = —2% .7
7 i Z o eneral rormulas: k= m .
0 i e Two-element case (common)
—_— . Z 7
U 2
U U; U U
Y2t 2 2T 7,
Current-division formula
.z
=4 . Y, .
1 e General formula: I = ———— -1
e L YL Y
i 2 e Two-element case (common)
=
. 7. . . A4
. . h=—"2 ] [,=-21 .
U Z1+ Zy 2y + Zo

v
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Methods for Solving Steady-State AC circuits [EDIGLLEAIEY (Ietrm §ssyoT=te P sTel- MY Koin sYeTe

Equivalent-Impedance Method E‘

Wye—delta transformation

jb Zbe jC jb jc

Za‘Zb an‘Zab
Ty = Za+ Z Z, = — Zea'Zab
b T+ Ze Zab + Zye + Zea

Zy - e Zab + e
Y S5 A Zpe=Zy+ Zo + AsY: Z,= b Zbe
’ ’ Za Zab + Zve + Zea

7 _Z+Z+Z0Za 7 - Zbc'an
ca e @ Zb c Zab+Zbc+an
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Methods for Solvi ad te AC circuits Superposition Method

Chapter Outline E‘

@ Methods for Solving Linear Steady-State AC circuits

@ Superposition Method
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Methods for Solving Steady-State AC circuits [EESIIjeYciysYelsiintels WY ISd steYek

Superposition Method !‘

Example 5.7: Determine current I3 using superposition

4L A & %B Zs

— 1

Solution
o Iy =13+ Iso + I3
@ I3 is the current through Z3 when only By acts, with Jo and Es off
@ I35 is the current through Zs when only J, acts, with £ and Ej off

@ I35 is the current through Z3 when only Fs acts, with Jo and E; off

v

yén Bao Huy (HUST) Linear Circuits in Steady State Hanoi, 2026 159 / 324



Methods Solvi 3 AC uits Superposition Method

Superposition Method E‘

Example 5.7: Determine current I3 using superposition

OO 6
C
2 A iy P 0B . :
ﬂ N Component Is;
s J-
. E
. I3 = 7;
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Methods for Solving Steady-State AC circuits [EESIIjeYciysYelsiintels WY ISd steYek

Superposition Method E‘

Example 5.7: Determine current I3 using superposition

Ay A bty B
1 L
O @ [} O
C
Z1 A I Zs B s ;
ﬂﬂ LT Component 39
Zy- s
| Zyss = Zs + -
® [
. 7 :
T30 = ——+ . J.
c BTl + Zys
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Methods for Solving Steady-State AC circuits [EESIIjeYciysYelsiintels WY ISd steYek

Superposition Method E‘

Example 5.7: Determine current I3 using superposition

Zy A i Z3 B Zs
—L 1 | [ 1
— »
GO 6
C
% A Iy % B [ﬁ% .
—1 1 L 7 Component I35
_—

Zy - (Zh + Zs)

Joqg = L5+ ————=

. FE;5 Z4
P
C Zeq L1+ 723+ 2y
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Methods for Solvi ad ICWNONGIGEI Power in Sinusoidal AC Circuits

Chapter Outline E‘

@ Methods for Solving Linear Steady-State AC circuits

@ Power in Sinusoidal AC Circuits
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Methods for Solving Steady-State AC circuits [EHACIERTIRSIINITIeIIe VNGNS NGIsies]

Instantaneous Power Concept

Uap(t)
@ T H—0)
iap(t)

e Instantaneous absorbed power: p(t) = ugp(t) - igp(t)
@ When current and voltage are sinusoidal functions

ugp(t) = Uy sin (wt + ¢)

iap(t) = Lo sin (wt + 6)

= p(t) = Uplysin (wt + @) sin (wt + 0)

Uo 1

= (;0 [cos (¢ — ) — cos (2wt + ¢ + 0)]
Uo 1 Uol

= Zocos(cp—ﬁ)— Zocos(2wt+g0+9)
Constant component Time-varying component

Nguyén Bao Huy (HUST) Linear Circuits in Steady State Hanoi, 2026
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Methods for Solving Steady-State AC circuits [EHACIERTIRSIINITIeIIe VNGNS NGIsies]

Average Power Concept E‘

@ Average power P is the average value of instantaneous power p(t)
1 [T
P=_
)

T
I
= l/ U(;IO cos(p—10) — U02 % cos (2wt + o + 0) | dt

Constant component Time-varying component

~ Uolo

cos (p —0)

U
\[ \[ -cos (p — 0)

= Average power on a resistor equals the product of the RMS current and
voltage (always > 0)

= Average power on an inductor and a capacitor is 0
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Methods for Solving Steady-State AC circuits [N IISIINIEII s LI ON G} aIti]

Average Power Concept E‘

Computing average power from current and voltage phasors

® ugy(t) = Upsin (wt 4 ) —» U = %&

: 1 . T,
o iab(t):Iosin<wt+8)—>[: E&%I* — %ﬂ

Uolyp

= U.-I"= 5 /o —0
I
= P (eos (p — 0) — jsin (o — )
Uy Ip Uy Iy (o 0)

:E~ﬁcos(g0—9)— .E.ﬁsm

= P =Re (U 1 *) (W) — also called real power (or active power)

x*: complex conjugate of x
v
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Methods for Solving Steady-State AC circuits [N IISIINIEII s LI ON G} aIti]

Extending the Power Concept E‘

@ The phasor-domain viewpoint allows us to extend the concept of power

Apparent power S
@ The “visible” power obtained by multiplying the RMS current and
voltage
Up Iy

=% 75 (VA)

= S is the modulus of (U . f*); its unit is volt-ampere (NOT watt)

Reactive power @)

@ Real power P is always less than apparent power S

= There is another component: the imaginary part of the product (U I *)

= @=Im (U I *) (VAR) (volt-ampere-reactive)

v
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Methods for Solving Steady-State AC circuits [N IISIINIEII s LI ON G} aIti]

Extending the Power Concept E‘

Complex power
$=(v-1)
= It contains active power in the real part and reactive power in the
imaginary part: S = P 4+ j - Q); its unit is VA

= Apparent power is the modulus of complex power:

S =8| = P2+ Q2

Power factor

o The ratio between real power and apparent power:

pfzgzcos(go—e)

o Often called the cos ¢ coefficient
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Methods for Solving ady NGNSV Power in Sinusoidal AC Circuits

Summary of Power Concepts
Purely resistive load: current and voltage are in phase

e ¢ =0 — power factor cos (¢ —0) =1

—— Instantaneous power

—— Active power

—— Reactive power

=== Apparent power
™ 2m

—— Current
—— Voltage
\7™ ‘ 2m

Huy (HUST) Linear Circuits in Steady State Hanoi, 2026
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Methods for Solving ady NGNSV Power in Sinusoidal AC Circuits

Summary of Power Concepts

Purely inductive load: current lags voltage by 90°

e ¢ — 0 =90° — power factor cos (¢ —0) =0

—— Instantaneous power

—— Active power

—— Reactive power

=== Apparent power
—— Current
—— Voltage

\™ ‘27r
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Methods for Solvi ady NGNSV Power in Sinusoidal AC Circuits

Summary of Power Concepts

Purely capacitive load: voltage lags current by 90°
e ¢ — 6 =—-90° — power factor cos (¢ —6) =0

- —— Instantaneous power
—— Active power

—— Reactive power
=== Apparent power

VAV
/7<W\ 2/7< "o

gm...\
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Methods for Solving ady NGNSV Power in Sinusoidal AC Circuits

Summary of Power Concepts

Inductive load: current lags voltage

e ¢ > 6 — power factor cos(p —0) < 1

—— Instantaneous power
—— Active power

—— Reactive power

=== Apparent power

VAV AV

—— Current
—— Voltage

(HUST) Linear Circuits in Steady State Hanoi, 2026
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Methods for Solving ady NGNSV Power in Sinusoidal AC Circuits

Summary of Power Concepts

Capacitive load: voltage lags current

e ¢ < 6 — power factor cos(p —0) <1

—— Instantaneous power
—— Active power

—— Reactive power

=== Apparent power

WAV
/ \V \of
m % Velge

gm...\
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Thévenin—Norton Theorem and One-Port Networks

Course Outline E‘

@ Thévenin—Norton Theorem and One-Port Networks
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son Theorem and One-Port Netwo

Chapter Outline

@ Thévenin—Norton Theorem and One-Port Networks
@ Source Transformation Method
@ Thévenin—Norton Theorem for One-Port Network Models
o Impedance Matching Problem

Linear Circuits in Steady State Hanoi, 2026
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Thévenin—Norton Theorem and One-Port Networks [EESIIISZeSIMBERiE (e} gest-NaTels MY (S1d steYel

Chapter Outline E‘

Q Thévenin—Norton Theorem and One-Port Networks
@ Source Transformation Method
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Thévenin—Norton Theorem and One-Port Networks [EESIIISZeSIMBERiE (e} gest-NaTels MY (S1d steYel

Practical Voltage-Source and Current-Source Models E

Ideal DC voltage source

I

Practical DC voltage source

® —1 @

/én Bao Huy (HUST)

..... ™|

Linear Circuits in Steady State Hanoi, 2026

177/ 324



Thévenin—Norton Theorem and One-Port Networks [EESIIISZeSIMBERiE (e} gest-NaTels MY (S1d steYel

Practical Voltage-Source and Current-Source Models E

Ideal AC voltage source

i

Practical AC voltage source

— 1@
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Thévenin—Norton Theorem and One-Port Networks

Practical Voltage-Source and Current-Source Models E

Ideal DC current source

Source Transformation Method

Practical DC current source

Nguyén Bao Huy

(HUST)

@ |

@

}RU

®

R

I:J—g(:)U:Ru]—R-I
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o
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Source Transformation Method

Thévenin—Norton Theorem and One-Port Networks

Practical Voltage-Source and Current-Source Models E

Practical AC current source

Ideal AC current source

@

}ZU

®

U=2-J—-27-1

Hanoi, 2026
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Thévenin—Norton Theorem and One-Port Networks [EESIIISZeSIMBERiE (e} gest-NaTels MY (S1d steYel

Source Transformation E‘

Practical DC voltage source Practical DC current source

R £ @

E
= HfEFE=R- JeJ= ik then the two models are equivalent
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Thévenin—Norton Theorem and One-Port Networks [EESIIISZeSIMBERiE (e} gest-NaTels MY (S1d steYel

Source Transformation E‘
Practical AC voltage source Practical AC current source
A . i
— @ @

£(9) ; (D) DZ .

®) ®
U=E—7-1 U=Z-J—-2-1

v

= UFEF=Z-JJ= - then the two models are equivalent

= Source transformation method

If a circuit contains a practical voltage-source and/or current-source
model, source transformation can be used to simplify the circuit
structure.
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Thévenin—Norton Theorem and One-Port Networks [EESIIISZeSIMBERiE (e} gest-NaTels MY (S1d steYel

Source Transformation E‘

Some notes

@ The source-transformation formulas for DC circuits and AC
circuits in the complex domain have equivalent forms = the
lecture may discuss only one form

e Source transformation can be applied to dependent sources,
providedthathR-J@J:EorE:Z~J(:>J:EiS

satisfied

¢N
®
Y~

®
Bt U <:>J'T DZ i
® ®

uyén Bao Huy (HUST) Linear Circuits in Steady State Hanoi, 2026 183 /324
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son Theorem and One-Port Netw S Source Transformation Method

Source Transformation E‘

Some notes
@ Source transformation changes the circuit structure
= do not transform the element containing the current or voltage
to be found
@ Directions of current sources, voltage sources, and equivalent
currents and voltages

Example 6.1: Determine I; using source transformation

100 %
- D

I

() [

L T

Q)o,4.11

v
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Thévenin—Norton Theorem and One-Port Networks MWELEIN

Chapter Outline E‘

@ Thévenin—Norton Theorem and One-Port Networks

@ Thévenin—Norton Theorem for One-Port Network Models
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son Theorem and One-Port Netwo

Thévenin—Norton Theorem for One-Port Network

Linear
circuit
with DC
sources

Linear
circuit
with sinusoidal

sources

= Ermy @

®

Linear Circuits in Steady State

.

=T

Y~

- |

®

}RI\' U

®

\ Al

= (1) [

®

}ZN U
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Thévenin—Norton Theorem and One-Port Networks MWELEIN

Determining Thévenin—Norton Parameters z

I Rrn

(@ — @

Y~
®

Linear

circuit + .
gyl () o = a() D v

sources

® ®

@ The equivalent voltage source equals the open-circuit voltage: Ery = Ugc
@ The equivalent current source equals the short-circuit current: Jy = I5c
@ The resistance Ry, = Ry can be determined in 2 ways:
E E
1. RTh:RN:E: oC
IN Isc .
2. Rty = Ry = Req when the independent sources are suppressed

@ The same applies to AC circuits
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Thévenin—Norton Theorem and One-Port Networks MWELEIN

Determining Thévenin—Norton Parameters E‘

Example 6.2
@ Determine the Thévenin one-port model at nodes A and B
@ Determine the Norton equivalent one-port model at nodes A and B

@ Use the Thévenin—Norton theorem to determine I3
A B

e FH=15V; R =5,
o Ry, =8Q; R3 =64
o Jy=1A; Rs=109.
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Thévenin—Norton Theorem and One-Port Networks [EESss§sYtsERTIY EEXNTelsbh =g =5 Yol o) (53491

Chapter Outline E‘

Q Thévenin—Norton Theorem and One-Port Networks

o Impedance Matching Problem
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Thévenin—Norton Theorem and One-Port Networks [EESss§sYtsERTIY EEXNTelsbh =g =5 Yol o) (53491

Impedance Matching Problem E‘

Problem statement

@ Determine the load value that maximizes the power received from
the source circuit

L o- L -
Linear P Linear P
circuit max Rioad circuit max Zrond
. AL . . . loac
with DC = © with sinusoidal =
sources sources
L o- L -
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Thévenin—Norton Theorem and One-Port Networks [EESss§sYtsERTIY EEXNTelsbh =g =5 Yol o) (53491

Impedance Matching Problem E‘

Solution: Use the Thévenin—Norton theorem

Rrn I
- .
Linear P
wciltr}f%t(] g: Ricaa <= Ern @) U Rioad
sources
L e _
2 2
ol= T L p_p.p= P P
Rry + Ry (Rth + R1)2 ~ 4Ry

e P is maximized when the equality sign “=" occurs, with R} = Ry

@ Prove this with the Norton one-port model?
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Thévenin—Norton Theorem and One-Port Networks [EESss§sYtsERTIY EEXNTelsbh =g =5 Yol o) (53491

Impedance Matching Problem E‘

Solution: Use the Thévenin—Norton theorem
Ztn i
—- — .-
Linear P
it miga | = | B = En(E) o | [
sources
. B .
o/ =—"""— o P=Re(Z)-|IP
e ()|
_ Re(Z1) - | En|? ~|Emp
(Re(ZTh) + Re(Zl))2 + (Im(ZTh) + Im(Zl))2 - 4Re(ZTh)
e P is maximized when the equality sign “=" occurs, with Z; = Z1,
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Thévenin—Norton Theorem and One-Port Networks

Impedance Matching Problem

Impedance Matching Problem E‘

Example 6.3

@ Determine the matched load to connect between nodes A and B
for maximum power transfer

Ey =12/20°V;

Ry =5Q; Z1, = 73
Zoy = —J5€); Rs = 84
Ji=1/=15°A.

B
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@ Mutual Inductance and Solving Magnetically Coupled Circuits
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Circuits

Chapter Outline ”

.......

@ Mutual Inductance and Solving Magnetically Coupled Circuits
@ Mutual-Inductance Phenomenon
@ Methods for Solving Magnetically Coupled Circuits
@ Mutual-Inductance Power
@ One-Port Networks Containing Mutual Inductance
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Mutual-Inductance Phenomenon

Chapter Outline E‘

@ Mutual Inductance and Solving Magnetically Coupled Circuits
@ Mutual-Inductance Phenomenon
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(GIYANTIN Mutual-Inductance Phenomenon

Mutual Inductance Between Two Coils E‘

Phasor representation of mutual
inductance

Mutual inductance in the time
domain

00—
@ jl ZL1<Q) @

@ Zn(92)
i, = @

diQ(f) U1 = ijl II :tjw]\{ I2

dt =Zp, T+ 2Zy - I
. da(®) Up = jwlLs - Iy £ jwM - I
dt =27, It Zy-h

v
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RO Mutual-Inductance Phenomenon

Sign of the Mutual-Inductance Electromotive Force E‘

Rule for determining the sign of the mutual-inductance component

o If the directions of both currents both enter or both leave the
polarity dots, the mutual-inductance component M has the same
sign as the self-inductance component L of the coil being
considered

o If one current enters and one current leaves the polarity dots, the
mutual-inductance component M has the opposite sign to the
self-inductance component L of the coil being considered

U
—®
— T
@ L 7z,
e Same © Zu e Opposite
sign i 349_ sign
Us @
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Mutual-Inductance Phenomenon

Mutual-Inductance Model Using Dependent Source E‘

@ Same-sign mutual inductance: Example 1

Mutual inductance

Ur=2Zp, - T+ Zy - I
Up="Zp, Ia+Zy-1Ih

Equivalent model

U,

»
»

@~—< W

AYER D
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RO Mutual-Inductance Phenomenon

Mutual-Inductance Model Using Dependent Source E‘

@ Same-sign mutual inductance: Example 2

Mutual inductance Equivalent model

Ur=2Zr, - T+ Zy - I
Uy=Zp, - Ia+Zy - 11

o 4
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RO Mutual-Inductance Phenomenon

Mutual-Inductance Model Using Dependent Source E‘

e Opposite-sign mutual inductance: Example 1

Mutual inductance Equivalent model

< Ul
® : ®

I Zp,

YR

Ur=2p, -1 — Zy - I
UQZZLQ‘IQ—ZM'Il 4

v
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Mutual-Inductance Phenomenon

Mutual-Inductance Model Using Dependent Source E‘

e Opposite-sign mutual inductance: Example 2

Mutual inductance

Ur=2p, -1 — Zy - I
Up=2Z1,-Ir—Zu - I

Equivalent model

U,

»
»

@< >—’4j1 W—O

AYER D
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Methods for Solving Magnetically Coupled Circuits

Chapter Outline E‘

@ Mutual Inductance and Solving Magnetically Coupled Circuits

@ Methods for Solving Magnetically Coupled Circuits
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Nt Methods for Solving Magnetically Coupled Circuits

Methods for Solving Magnetically Coupled Circuits E‘

Steps for solving circuits with mutual inductance
1. Determine the sign of the mutual inductance
2. Convert the circuit with mutual inductance into equivalent model

3. Solve the circuit using studied methods

Some notes

A\ Because a magnetically coupled circuit is equivalent to
current-controlled voltage sources, some methods are affected

o Equivalent impedance: cannot be determined directly

e Voltage-division and current-division: cannot be used directly

@ The nodal analysis is inconvenient

e Branch-current and loop analysis can be used normally
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Nt Methods for Solving Magnetically Coupled Circuits

Methods for Solving Magnetically Coupled Circuits E‘

Example 7.1

Given a transformer circuit. Determine currents and voltages on the
coils.

. 2 f I
Ey =12/0°V; —L p
Zy=5+33 (); ad

Zp, =38 (Q); °
Zr, = j6 (Q); Ct) E, ZL1% %ZLZ Zo
Zy = j6 ();

Zy=5—j2 (Q)

@ Determine the sign of the mutual inductance: the

mutual-inductance EMF (the M component) has the opposite sign
to the self-inductance EMF (the L component)

Nguyén Bao Huy (HUST)
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Nt Methods for Solving Magnetically Coupled Circuits

Methods for Solving Magnetically Coupled Circuits E‘

Example 7.1

Convert to an equivalent CCVS model
Z1

Ey =12/0°V; g
Z1 =5+ 73 (Q);

ZL1 =78 (Q)v

Z1, = j6 (); <t> )

Zy = j6 (Q);

Zy=5—352 ()

e Number of branches: 2
e Number of essential nodes: 0
= Number of loops: 2

© This circuit has the same number of branches and loops
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Nt Methods for Solving Magnetically Coupled Circuits

Methods for Solving Magnetically Coupled Circuits E‘

Example 7.1
E1 =12/0° V;
Zy=5+33 ();
ZL1 =78 (Q)v
Zr, =j6 (Q)v
Zy = 36 (Q);
Zy=5—j2(Q)

Loop-current (branch-current)
equation system

(Zy+ Zp) 1 — Zyly = By
—Zyl + (Z2 + ZLQ)IQ =0

Substitute values
(5 + j11) I, —j615 = 12/0°
—j6L + (5+j4) [, =0
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Nt Methods for Solving Magnetically Coupled Circuits

Methods for Solving Magnetically Coupled Circuits E‘

Example 7.1
. I
Ey =12/0°V;
Zy=5+73 (); P
Zr, = j8 (); 2
71, = 16 () 2 D
Zy = j6 (82); .
Zy=5—j2 (Q) Zm Iy
Currents Voltages on the coils

I =0,9992/-38,57° (A) | Uy, = Zp, [y — ZuyI> = 6,2728/7,06° (V)
I, =0,9363/12,77° (A) | Up, = Zp,Io — Zy Iy = 5,0419/170,97° (V)
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Nt Methods for Solving Magnetically Coupled Circuits

Methods for Solving Magnetically Coupled Circuits E‘

Example 7.2
By =12/0°V;
Z1=5+353 (9Q);
ZL1 = j8 (Q)a
ZL2 =J6 (Q)7
Zy = 36 (§2);
Z3=5—352 (Q)

@ Determine the sign of the mutual inductance: the
mutual-inductance EMF (the M component) has the same sign as
the self-inductance EMF (the L component)
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Nt Methods for Solving Magnetically Coupled Circuits

Methods for Solving Magnetically Coupled Circuits E‘

Example 7.2

Convert to an equivalent CCVS model

Ey =12/0°V;
Z1=5+353 (9Q);
ZLl =8 (Q)v
Zr, = j6 (Q)v
Zy = j6 (§2);

Z3="5—j2 (Q)

Loop-current equation system

(Zy+ Zp, + Z1, 4+ 2Z0) vy — (Z1, + Za) Ive = By

—(Zpy + Za)) v + (Z3 + Zpy) Iy =0

v
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Nt Methods for Solving Magnetically Coupled Circuits

Methods for Solving Magnetically Coupled Circuits E‘

Example 7.2
Convert to an equivalent CCVS model

By =12/0°V;
Z1 =5+4+373(Q);
ZLl =8 (Q>7
ZL2 = j6 (Q)v
Zy = j6 (§2);
Z3=5—32(Q)

Substitute values = Loop currents
(54 529) Iy — 120y = 12/0° Iy = 0,4434/-33,53° (A)
—j12Iy1 + (54 j4) Iys =0 Iyo = 0,8309/17,81° (A)
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Mutual-Inductance Power

Chapter Outline E‘

@ Mutual Inductance and Solving Magnetically Coupled Circuits

@ Mutual-Inductance Power
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RO Mutual-Inductance Power

Mutual-Inductance Power E‘

Return to Example 7.1
. 2 I
I =09992/-3857° (A) L, >
I = 0,9363/12,77° (A)

A A
ULl = 6,2728/7,06° (V) C‘t) B Zng %Zh ZQ[J

Up, = 5,0419/170,97° (V)

Observation: The current and voltage on the coils are not in quadrature

= There is “absorbed” power on magnetically coupled coils
Py, = |0h] - |1y] - cos (/Ty — /) = 43828 (W)
Pp, = |Us| - |I5| - cos (@ —&) = —4,3828 (W)

v
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(G Mutual-Inductance Power

Mutual-Inductance Power E‘

Return to Example 7.1

Pp, = 4,3828 (W) o

Py, = —4,3828 (W) C_r) B, ZL% % Zn, 7 U
Py, =Py,

= Observation
e The total absorbed power on the two coils is P, + Pr, =0

e Mutual-inductance power is essentially the transfer of energy as a
magnetic field between coils at different positions in the circuit

@ The coil with P > 0 is primary; the coil with P < 0 is secondary

v
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One-Port Networks Containing Mutual Inductance
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Chapter Outline

=T

@ Mutual Inductance and Solving Magnetically Coupled Circuits

@ One-Port Networks Containing Mutual Inductance
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N7l One-Port Networks Containing Mutual Inductance

One-Port Networks Containing Mutual Inductance ”

|

@ A linear circuit with mutual inductance is still a linear circuit
= the Thévenin—Norton theorems still hold

@ Branches with mutual inductance are converted into equivalent
diagrams containing dependent sources

= When computing equivalent impedance, use one of two “indirect”
methods (which give the same result):

U, E
1. Zog= =2 ==
Isc JN
2. Add a source at the port (or determine the transfer function of
U,
voltage and current at the port): Zoq = I.port
port
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N7l One-Port Networks Containing Mutual Inductance

One-Port Networks Containing Mutual Inductance E‘

Example 7.3
Find Z, for impedance matching at port AB

. A/—\A .
Il rm\ZLl ° Ziw [ ZL2 I2 A

Ct) E, Z3 Zy
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N7l One-Port Networks Containing Mutual Inductance

One-Port Networks Containing Mutual Inductance E‘

= Equivalent model using dependent sources

@ Determine U,

o Determine I

U . .
e Determine Z,, = — = impedance matching when Z, = Z*
qQ g eq
sC

v
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© Two-Port Networks
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Two-Port Networks

Chapter Outline ”

.......

© Two-Port Networks
@ Two-Port Network Models
@ Methods for Determining Two-Port Network Parameters
@ Methods for Solving Circuits with Two-Port Networks
@ Thévenin—Norton for Circuits Containing Two-Port Networks
o Transfer Function Concept in Electric Circuits
@ Interconnection of Two-Port Networks
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MAVLR LTINSl T'wo-Port Network Models

Chapter Outline E‘

© Two-Port Networks
@ Two-Port Network Models
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MAVLR LTINSl T'wo-Port Network Models

Two-Port Network Concept ”

o In many cases, a circuit needs to be divided into connected
subcircuits.

@ These subcircuits are called networks, connected through pairs
of nodes

e Each such node is called a terminal; a pair of nodes forms a port

e Networks (subcircuits) interact through state-variable pairs of
current and voltage at the ports

o One-port networks were studied in Chapter 6

o This chapter considers two-port networks

@ The concept of a two-port network can be extended to multi-port
networks
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MAVLR LTINSl T'wo-Port Network Models

Two-Port Network Concept
@ il(t) iQ(t) @
Arbitrary
uq (t) linear us (1)
circuit
(B)e— ——(

A two-port network has 2 state-variable pairs: w1, 41 and s, 9
At each port, the current entering one terminal equals the current
leaving the other terminal

Pay attention to the reference directions of current and voltage

Within the scope of Circuit Theory, we consider only two-port
networks without independent sources (but dependent sources)
@ The equations for DC and AC two-port networks have similar
forms — the lecture gives equations for only one type
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MAVLR LTINSl T'wo-Port Network Models

Characteristic Relations of a Two-Port Network E‘

11 (t 19(t
® 1(t) 2(t) ®
Arbitrary
w1 (¢) linear usa(t)
circuit

®)e— —@

e Relation of ui, 41 in terms of ug, i — matrix A (forward

transmission)
e Relation of wug, iy in terms of uy, i1 — matrix B (reverse
transmission)
e Relation of uj, ug in terms of i1, i — matrix Z (impedance)
e Relation of i1, iy in terms of uy, ug — matrix Y (admittance)
e Relation of uj, iy in terms of i1, ug — matrix H (forward hybrid)
e Relation of i1, ug in terms of uy, i — matrix G (reverse hybrid)
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MAVLR LTINSl T'wo-Port Network Models

Parameter Matrices of a Two-Port Network ”

o They are square matrices of size 2 x 2 — each matrix has 4
parameters to determine

e Circuit Theory often focuses on matrices A, Z, and Y and they
match commonly used circuit-solving methods:

Matrix A is convenient for computing equivalent impedance
Matrix Z is convenient for the loop analysis

Matrix Y is convenient for the nodal analysis

Note: convenient, but not mandatory

o Example: matrix A

Ulza11'U2+a12'f2
j1:a21‘U2+(122‘j2

ann az] [U U Us
. . R . :A- .
o vl (2] = 3] =~ 2]
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Parameters

Chapter Outline E‘

© Two-Port Networks

@ Methods for Determining Two-Port Network Parameters
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Two-Port Networks |SEsesteiaci e

Methods for Determining Two-Port Network Para,meteg

uuuuu ™|

@ The parameter matrices of a two-port network depend only on the
network’s own circuit structure, not on external quantities

Two common methods for determining two-port network parameters

1. Measure the open-circuit or short-circuit state of one port of the
network

2. Given one matrix of the network, determine the remaining
matrices
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Two-Port Networks |SEREINEAS

Open/Short-Circuit Measurement Method E‘

Matrix A
U1 =a11'U2+a12'j2

I = ag1 - Uy +age - Iy

e Open-circuit port 2 e Short-circuit port 2
=1, =0 =U=0
Ul a Ul
ail = —=— 12 = —
Uz liy=0 Ir =0
jl jl
az] = —— a2 — —+—
Uz liy=0 Ir =0

@ a1 and a9o are dimensionless

@ aqs has unit ; as; has unit S

v
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Two-Port Networks |SEREINEAS

Open/Short-Circuit Measurement Method

Matrix Z
U1 2211'j1+212'j2
022221'j1+222'j2

e Open-circuit port 2

e Open-circuit port 1

=1,=0 =0L=0
U, U,
211 — —— 219 — ——
Il 12:0 —[2 [1:0
UQ U2
22]_ - 222 - -
Il 12:0 -[2 11:0

o All parameters of matrix Z have unit €2

v
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Two-Port Networks |SEREINEAS

Open/Short-Circuit Measurement Method

Matrix Y

@ Short-circuit port 2

=U;=0
I
Y11 = —
Ut ltr,=0
I
Y1 = —
U1 lt,=0

{

f1=y11~U1+y12‘U2
f2:y21-U1+y22-U2

@ Short-circuit port 1

=U; =0
I
Y12 = —
Uz lr,=0
I
Y22 = =—
Us |t7,=0

o All parameters of matrix Y have unit S

én Bao Huy (HUST)
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Two-Port Networks |SEsesteiaci e

Matrix Conversion Method E

‘i Knoa |

@ The structure of a two-port network is uniquely determined
= The parameter matrices can be equivalently converted into one
another
o It is easy to see:
o Y=7""
s H=G!
e For other matrices, conversion formulas can be derived
o Example: from A to Z

ain det(A)
7 — a21 a21
1 ago
a21 a21

e For other conversions: consult tables in the references
/\ Note that the reference direction convention for current i in
different materials affects the signs of the parameters
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Chapter Outline E‘

© Two-Port Networks

@ Methods for Solving Circuits with Two-Port Networks
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MRVLR LTINSl Methods for Solving Circuits with Two-Port Networks

Equivalent-Impedance Method with Matrix A ”

=T

e Suitable for circuits with a source at the input port and a load at
the output port
@ Procedure:
e Find the equivalent impedance looking into the input port
o Use the relation based on A — convenient for equivalent impedance
= determine the current-voltage pair at the input port
= determine the current-voltage pair at the output port

jl jQ jl
*—Pp—
Ul [A] Ug Zy —> Ul Zin
.—

U U . : : .7
TL MR i [y = 7y -y = Gy = L2202
L a1 -Us+agx-Is ag - Zo + az
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MRVLR LTINSl Methods for Solving Circuits with Two-Port Networks

Equivalent-Impedance Method with Matrix A !‘

Example 8.1: Determine the current-voltage pairs at the 2 ports

Z3 Zs

jl j2

Es Jy Zs | U [A] Us Zy
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MRVLR LTINSl Methods for Solving Circuits with Two-Port Networks

Loop Analysis with Matrix Z E “““““

Example 8.2: Determine the current-voltage pairs at the 2 ports

i

S B S

I Z3 I {2 I5
| 2
E3 U1 UQ Z5
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MRVLR LTINSl Methods for Solving Circuits with Two-Port Networks

Nodal Analysis with Matrix Y E ““““

Example 8.3: Determine the current-voltage pairs at the 2 ports

i

S B S

jg 23 Il {2 -[5
, Y]
E3 U1 UQ Z5
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MRVLR LTINSl Methods for Solving Circuits with Two-Port Networks

T and II Equivalent Two-Port Networks E‘

Equivalent model of a two-port network

L

—

Two-port
network

v 1 v

e Two-port networks with the same parameter set are equivalent

= Equivalent circuit models of two-port networks can be constructed

e Two common models are the T network and the II network
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MRVLR LTINSl Methods for Solving Circuits with Two-Port Networks

T and II Equivalent Two-Port Networks E‘

T-model of a two-port network

ZT1 212

Iy

Eg Z5

@ Determine characteristic matrices from the equivalent impedance
set: based on the short-circuit and open-circuit of each port

= From there, formulas for equivalent impedances can be derived
from the characteristic matrices.

v
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MRVLR LTINSl Methods for Solving Circuits with Two-Port Networks

T and II Equivalent Two-Port Networks E‘

II-model of a two-port network

i |
Iy s
E; Zs

@ Similar to the T network

o Other equivalent diagrams also exist
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© Two-Port Networks

@ Thévenin—Norton for Circuits Containing Two-Port Networks
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Two-Port Networks NEaYIIS

One-Port Network Containing a Two-Port Network E‘

@ A linear circuit containing a two-port network is also linear
= The Thévenin—Norton theorems still hold

Example 8.4: Find the Thévenin—Norton equivalent diagram for
network [Y]

I

— 1

J A

Two-port

. . network .
E3 U1 U2

v 1 v

/N\ Note: current I under this open-circuit condition # 0

v
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Two-Port Networks NEaZed

Using a Two-Port Network for Impedance Matching E‘

e A two-port network can be connected between a source and a load
to achieve maximum power transfer

@ Procedure: Determine the equivalent impedance, then match the
source and load impedances

Zy

I I

. . Two-port .
B Ut |10ad matching Uz 2
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Two-Port Networks Transfer Function Concept in Electric Circuits

Chapter Outline E‘

© Two-Port Networks

o Transfer Function Concept in Electric Circuits
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Two-Port Networks Transfer Function Concept in Electric Circuits

Transfer Function Concept in Electric Circuits ”

shcien]

@ So far, characteristic equations have been constructed as relations
between current and voltage on elements
@ These relations can be extended to current and voltage state
variables at arbitrary positions in the circuit
e For a linear circuit, these relations are definite and unique
= They are called linear relations between state variables
= The ratio between state variables is called a transfer function

U
, ) e Voltage transfer function k, = ]
i1(t) i2(t) u1
(a)e—— ——(©) , s
} o Current transfer function: k; = —
Arbitrary i1

ui(t)|  linear | u2(f) e Impedance transfer function

circuit

U
kz = —2 and admittance transfer
—.@ 11 .
. 12
function ky = —
Uy
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Chapter Outline E‘

© Two-Port Networks

@ Interconnection of Two-Port Networks
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ENR LINNEAMIY TN [nterconnection of Two-Port Networks

Cascaded Two-Port Networks E‘
= A = A1 . A.2
For cascade connection, matrix A is a(t) is(t)
the most convenient
i(t) ia(t) T ds(t) u (t) (A] us(t)
~—>— > —>—e
’ll,l(t) [Al] TI,Q(t) [Ag] Ug(t)

|
|

— @ They share the
’ current and voltage at
the connected port
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ENR LINNEAMIY TN [nterconnection of Two-Port Networks

Series-Connected Two-Port Networks E‘
For series connection, matrix Z is the =>Z=171+1,
most convenient i1(t) ia(t)
*—Pp—| —p>—eo
ia(t)
Ul(t) [Z] Uz(t)
U4(t)J 0 o .

At each port:

e Common current

e Voltage equals the
algebraic sum of

M voltages
= This is called series

J connection

W
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ENR LINNEAMIY TN [nterconnection of Two-Port Networks

Parallel-Connected Two-Port Networks E‘

=Y=Y1+Y,

For parallel connection, matrix Y is
the most convenient i1(¢) ia(t)
*—Pp—| —p>—eo
i3(t)
Ul(t) [Y] Uz(t)
[Y1] . .
At each port:
e Common voltage
e Current equals the
algebraic sum of
[Y2]
currents
= This is called parallel
) connection

W
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Chapter Outline ”

.......

@ Circuits with Multiple Frequencies and Non-Sinusoidal Sources
e Applying the Superposition Principle in Multi-Frequency Circuits
@ Power in Multi-Frequency Circuits
@ Circuits with Non-Sinusoidal Sources — Fourier Method
@ Frequency Response of Transfer Functions — Electric Filters
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@ Circuits with Multiple Frequencies and Non-Sinusoidal Sources
e Applying the Superposition Principle in Multi-Frequency Circuits
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Sources Superposition Principle for Multi-Frequency Circuits

Circuits with Multiple Frequencies E‘

Circuits with multiple frequencies

e So far, we have considered DC circuits (which can be regarded as
f =0) and AC circuits whose sources have the same frequency

e In many cases, sources in a circuit may have different frequencies

Problem

@ The phasor method can only be used for AC circuits whose
sources have the same frequency

Solution

@ Solve the circuit for each frequency in turn by suppressing sources
with other frequencies (short-circuit voltage sources, open-circuit
current sources)

e Superpose the solutions in the time domain

v
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Sources Superposition Principle for Multi-Frequency Circuits

Circuits with Multiple Frequencies E‘

Example 9.1: Determine current i3(¢)

Ry A dss(t Ls B Rs
— A B By =15V; Ry =10
Go(t) = V/2sin (5t + 15°) A;

Ly =1H; Cy = 0,02F;
G es(t) @) R:; =50: 4

es(t) = 12y/2sin (10t + 30°) V

v

Solution
© i3(t) = izi(t) +isa(t) +is5(t)
@ i31(t) is the current through Ls when only E; on, j2(t) and e5(t) off
@ i32(t) is the current through Ls when only jo(¢) on, Eq and e5(t) off

@ i35(t) is the current through Ls when only e5(t) on, jo(t) and E; off
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Sources

Superposition Principle for Multi-Frequency Circuits

Circuits with Multiple Frequencies E‘

Example 9.1: Determine current i3(t)

L2 A izs(t) Ls B
— 00

I

Ey=15V; Ry = 109;
Ja(t) = v/2sin (5t + 15°) A;
I es(t) G’) Lz =1H; Cy = 0,02F;

_ R5 =5 Q;
es(t) = 12v/2sin (10t 4 30°) V
C
L2 A in(t) Ls B [il

— 000 L

Component isq(t) = Iy
G) E — E,
- —1 Is3i. = ——— =1A
31 Ri + Rs
C

/én Bao Huy (HUST)
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Sources Superposition Principle for Multi-Frequency Circuits

Circuits with Multiple Frequencies E‘

Example 9.1: Determine current i3(¢)

Ry () L3 Rs
— A e By Ei=15V; Ry = 100
Ja(t) = v/2sin (5t + 15°) A;
Ls =1H; Cy = 0,02F;
O es(t) @) R:; =50: 4
es(t) = 12y/2sin (10t + 30°) V

C
Ry A in(t) Ls B Rs Component i3z (t)
—1 0 ..
> Convert the circuit to the

complex domain
(D 72(1) —e Zpy = jwaL3 = j5Q
Ze =—3510Q

4

 jwaCy
determine i35(t) = ...

o
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— A

Sources

Circuits with Multiple Frequencies

Example 9.1: Determine current i3(¢)

B

Superposition Principle for Multi-Frequency Circuits

Em...\

B =15V; Ry =108,

Ja(t) = v/2sin (5t + 15°) A;
L3 = 1H; C4 = 0,0QF;

R5 = 5Q;

es(t) = 124/2sin (10t + 30°) V

v

Component i35(t)

Convert the circuit to the
complex domain
21, = jwsLz = j10Q

Ze, = —j5Q

 jwsCy
determine i35(t) = ...

o
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Power in Multi-Frequency Circuits

Chapter Outline E‘

@ Circuits with Multiple Frequencies and Non-Sinusoidal Sources

o Power in Multi-Frequency Circuits
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SIYIEIl Power in Multi-Frequency Circuits

Review: Instantaneous Power and Average Power

Uap(t)
@ E—0
o Instantaneous absorbed power:
p(t) = uap(t) - iap(t)
e Instantaneous supplied power:

Psup(t) = —p(t) = upa(t) - iap(t) = vap(t) - ipa(t)

o Average power is the average value of instantaneous power

1 T
= — t)-dt
Pz [ o)
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SIYIEIl Power in Multi-Frequency Circuits

Power in Multi-Frequency Circuits E‘

@ When current and voltage quantities have multiple frequency
components

u(t) = Up + Uy sin (w1t + ¢1) + Uz sin (wat + @2) + . ..
i(t) = Io + Iy sin (w1t + 61) + Iy sin (wat + 62) + ...

e Instantaneous power:

p(t) = u(t) -i(t) = Uplo + > _ Uil sin (wit + ;) sin (wit + 0;)

7

+ Z Uilj sin (wit + ;) sin (wjt + 6;)
i#]
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Power in Multi-Frequency Circuits

Power in Multi-Frequency Circuits E‘

e Instantaneous power:

p(t) =u(t) - i(t) = Ugly + Z U;I; sin (w;t + ;) sin (w;t + 6;)

7

+ Z Uil sin (wit + ¢;) sin (wjt + 6;)

i#]
e Average power:
I e
P = T /0 p(t)dt = Uyly + zz: T /0 (Uzlz sin (wit + 901) sin (wit + 01)) dt
I
+ Z T / (Uil sin (wit + ;) sin (w;t 4 0;)) dt
iz 1o
= Uol, +ZUiIicos( = 0;)+0=Poc+ Y P
= Uodo B ©i i = I'DC ' wi

7 7
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SIYIEIl Power in Multi-Frequency Circuits

RMS Value in Multi-Frequency Circuits

) u(t) = Uo — Urms = U()
Uy

V2
o u(t) = Uy + Uy sin (w1t + 1) + Uz sin (wat + ¢2) + . ..

Uz U2

/\ Note: in multi-frequency circuits, average power must not be
determined from RMS current and voltage values

o u(t) =Upsin (w1t + ¢1) = Upms =

Pavg ?é Urms : Irms

én Bao Huy (HUST) Linear Circuits in Steady State Hanoi, 2026

261 / 324



Circuits with Non-Sinusoidal Sources

.

Chapter Outline

=T

@ Circuits with Multiple Frequencies and Non-Sinusoidal Sources

@ Circuits with Non-Sinusoidal Sources — Fourier Method

Linear Circuits in Steady State Hanoi, 2026 262 /324



SIIYE I Circuits with Non-Sinusoidal Sources

Circuits with Non-Sinusoidal Sources E‘
Example 9.2: Fourier expansion of a square pulse
e Given a square voltage pulse with amplitude 1 V, period 1 s, and
offset 1 V
1 X sin (nt)
uw(t) =14+ — ————= for odd n
®) + 47 z:: n
T
2 | - .
11 -| | —— Square pulse
0
| | | |
0 1 2 3
t (s)

4
n Bao Huy (HUST) Linear Circuits in Steady State Hanoi, 2026 263 /324




Circuits with Non-Sinusoidal Sources

Example 9.2: Fourier expansion of a square pulse
e DC component (order 0)
u(t) =1
T
2 - N
1
0 N
0 1 2 3
t (s)
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Circuits with Non-Sinusoidal Sources

Circuits with Non-Sinusoidal Sources

Example 9.2: Fourier expansion of a square pulse

e Expansion up to the 1st harmonic component

1
u(t) =1+ yp sin (7t)

gm...\

T T T
N —~
2| oo \ 8
// \\ / \
/ \ / AN
/ \
' \ / \
/ ‘\ / \
[ / \ |
1 / \\ :/ \
/ \ I \
/ \ 1 \
\ / \
,/ \ / \\
\
ol / / ]
L Ny AN
| | | |
0 1 2 3
t (s)
y
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Circuits with Non-Sinusoidal Sources

Circuits with Non-Sinusoidal Sources

Example 9.2: Fourier expansion of a square pulse

e Expansion up to the 3rd harmonic component

1 1 si t
u(t) =1+ Zsin(wt) + L sin (3nt)
7r

4 3
T T T T
9 i N /N N
[ / _ \ / o \ —
/ \ i \
/ \ / \
! \ I \
/ \ / \
[ / \ ' \ |
1 I \ ' \
! \ ! \
! ' ' \
/ \ / \
/ \ / \ |
0 ™ v / \ al
7 \ " N
s N N "
| | | |
0 1 2 3
t(s)
.
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Circuits with Non-Sinusoidal Sources

Circuits with Non-Sinusoidal Sources E‘
Example 9.2: Fourier expansion of a square pulse
e Expansion up to the 11th harmonic component
11
1 sin (nmt)
u(t) =1+ — ————= for odd n
®) 47 Z n
n=1
T T T T
2 - ‘F A2 VeV /\V"\ ,/ﬂv\j\;\y/\lf“ N
1+ "[ 'l : ‘l 7
0 pe /; l\ SN 1! '.\ N
| | | |
0 1 2 3
t (s)

v
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Circuits with Non-Sinusoidal Sources E‘
Example 9.2: Fourier expansion of a square pulse
e Expansion up to the 101st harmonic component
101 .
1 sin (nmt)
u(t) =1+ — ————= for odd n
®) + 47 Z n
n=1
2 I -
0 ly
| | | |
0 1 2 3
t (s)

v
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SIIYE I Circuits with Non-Sinusoidal Sources

Circuits with Non-Sinusoidal Sources

Example 9.2: Fourier expansion of a square pulse
e Expansion up to the 1001st harmonic component
1 X sin (nmt)
t)y=1+ — ————= for odd n
u(t) * 47 Z n

n=1

t (s)

—— N =1001

gm...\

v
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Circuits with Non-Sinusoidal Sources
Example 9.2: Fourier expansion of a square pulse
T T T T
R LA~
NN o SN
2l / Moot \V< : 4 FARAaE -| | —— Square pulse
,' ) Y ,’/’,’ \\‘\. ——— Order 0
[ AR\ ’ Ry
/’// ‘\\\ /;/ \\\ ---N=1
1 , -~~~ N=3
i N ! \ N =11
/! N //,, I\ - -
I ey '\\\\ o ‘\\\\\ | | N=1m
O ; / ,(‘ R : \;(/:* “l‘\\ \::, N — 1001
L~y VI M
| | |
0 1 2 3
t (s)
e Exercise: Determine the expansions of other periodic signals such
as triangular waves, sawtooth waves, etc.
v
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Chapter Outline
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@ Circuits with Multiple Frequencies and Non-Sinusoidal Sources

@ Frequency Response of Transfer Functions — Electric Filters
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Frequency Response of Transfer Functions ”

.......

o A transfer function is a proportional relation between
current-voltage state variables in a circuit

= The transfer function is formed from the circuit impedances

e Capacitors and inductors have different complex impedances at
different frequencies in the circuit
= The transfer function is a complex function whose magnitude and
phase characteristics depend on frequency

= The concept of frequency—magnitude—phase response of a
transfer function
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Frequency Response of Transfer Functions E‘

Example 9.3: Consider the voltage transfer function of an RC' circuit

R R

@)e(w uan(1) =0 |uoml®

1
. Uout ZC’ ij
jwC
1
~ jwRC +1

V.
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Frequency Response of Transfer Functions E‘

Example 9.3: Consider the voltage transfer function of an RC' circuit

1
1 e Set RC = —
T e
o w, is called the cutoff
Cj) e(t) | um(t) ——C  |uow() frequency
. 1
= H(jw)=—H——
o j—+1
O‘)C
1

e Magnitude response |H (jw)| = N
<°"> +1
We

o Phase response /H (jw) = /1 — ji + 1= —arctan (w)
we

We

v
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Frequency Response of Transfer Functions

Both the plot and the formulas are inconvenient

1
— 038 N
~
3/§ 06 —
N |
i 0.2 |- .
0 | L L
0 20 40 60 80 100
w/we
— 0 T
20
)
T -2} 2
~
3] 5] 7% i
~Z| —60 -
m —80 - L L L |
0 20 40 60 80 100
w/we

gm...\

v
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Frequency Response of Transfer Functions r

Decibel magnitude (dB) and logarithmic frequency scale

@ The log function is convenient because it converts multiplication
and division into addition and subtraction — operations can be
performed directly on the plot

o A logarithmic scale makes frequency plots easier to read than a
linear scale

= The dB magnitude of the magnitude response is defined as
201log ;o (|H (jw)|)*

= A plot in dB and on a log scale is called a Bode plot

The choice of unit and formula is historical. Initially, the bel was named to
recognize telephone inventor Alexander Graham Bell. This unit is the base-10
logarithm of the ratio between two powers: log,(P/P1) bels = 101log,,(P2/P1)
decibels. Meanwhile, signal power is proportional to the square of signal amplitude
— 10log,o(P2/P1) = 10log,,(|H(jw)|*) = 20log,,(|H (jw)|) dB. (Lathi, Linear
Systems and Signals)

o
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Frequency Response of Transfer Functions

Bode plot of a first-order RC low-pass filter

gm...\

T T T T T T T T T T T T T T T 1T T T T 1T T T 111117
m 0
o
-
g
5 =20 - *
=
=}
g
S -0 .
I 1 S I 1 11 B B I W B R 11 INRRI
103 1072 107! 100 10! 102 103
w/we
O T T 11T T T TTTI] T TTTTT] T TTTTT] T T TTTT10T
W 200 1
3
~ 740 - il
Q
&
£ —60| A
[a )
780 - ul
I O A A S A 11 | N WA i A
103 1072 107! 10° 10! 102 103
w/we
y
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Three-Phase Circuits

Course Outline E‘

@ Three-Phase Circuits
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Chapter Outline

@ Three-Phase Circuits
@ Three-Phase Circuit Concept
e Balanced Three-Phase Circuits
o Unbalanced Three-Phase Circuits
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Three-Phase Circuits Three-Phase Circuit Concept

Chapter Outline

@ Three-Phase Circuits
@ Three-Phase Circuit Concept

n Bao Huy (HUST) Linear Circuits in Steady State
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Three-Phase Circuits Three-Phase Circuit Concept

Three-Phase Circuit Concept ”

@ A three-phase source system is a set of 3 AC voltage sources with
phase shifts
e A three-phase source set can be connected in wye (Y) or delta (A)
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Three-Phase Circuits Three-Phase Circuit Concept

Three-Phase Circuit Concept E‘

e A three-phase load can also be connected in wye (Y) or delta (A)
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Three-Phase Circuit Concept

.

Three-Phase Circuit Concept

shcien]

@ When connecting source and load, line impedance can be
considered

@ A neutral wire can be connected

Zda
]
|
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Three-Phase Circuit Concept

.

Three-Phase Circuit Concept

=T

@ Or the neutral wire can be omitted

Zda
]
L T
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NV SECERGIINEIN Balanced Three-Phase Circuits

Chapter Outline E‘

@ Three-Phase Circuits

@ Balanced Three-Phase Circuits

n Bdo Huy (HUST) Linear Circuits in Steady State Hanoi, 2026 285 /324



NN S RN GV Balanced Three-Phase Circuits

Balanced Three-Phase Circuits

e Balanced load: Z;, = Zy, = Zye
e Balanced line: Zy, = Zg, = Zy4.
e Balanced source: equal amplitudes and phase shifts of 120°
@ Let a = 1/—120° be the —120° rotation operator
= Up =0 Upp; Uspn = a - Upp = 0 - Ugp; Ugn = @ - Uz,
= Usp + Uppp + Uppp = (1+a+a?) Uagn =0

Uo }

_UO Pane teaa
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Solving Three-Phase Circuits

e Case with a neutral wire — Nodal Analysis

V( L + ! + ! +1>
Zia+Zaa  Zw+Zay Zic+ Zie  Zan

E, n Ey n E.
Zia+ Zaa  Zp+ Zay  Zic+ Zac
én Bao Huy (HUST) Linear Circuits in Steady State Hanoi, 2026

287 / 324



NN S RN GV Balanced Three-Phase Circuits

.

Solving Three-Phase Circuits

=T

Zia
|
. ialt)

Define phase
impedances o) .

Zo = Zta + Zda L in(t)

Zy = Zw + Zap

Zc = Ztc + ch

= Node potential
E, E,

Ly + =+
Za Zb Zc
_l’_

V:

1 1+1+1
Lo Ly ZLe Znp
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NN S RN GV Balanced Three-Phase Circuits

Solving Balanced Three-Phase Circuits W
e Balanced three-phase E, E, E,
A ey by e
circuit Zo Ly g
V=7 1 10
Za = Zb = Zc _ - _ I
: : : Z + Z) + 7z + Z
E.+E,+E.=0 a b ¢ n
. E, . E, . E. .
= Ih,=—;h=—;I.=—;1,=0
a Za y 4b Zb y Lc Zc n

= Balanced three-phase currents
Iy=a-Iyl.=a-Iy=a? I I,=a-1,

= Balanced three-phase load voltages
Utbza'Um; Utc:a'Utb:az'Um; Uta:a'Utc

with a = 1/-120°
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Power in Balanced Three-Phase Circuits ”

o Load power
Pra = 10l ia] - c05 (/U0 ~ /1o
— (O] - o] - cos ( (/T +120°) = (/I +120°) )
= |Up| - || - cos (M‘@)

= Ptb = P
= The absorbed power of the load on each phase is equal
= Similarly, the supplied power of the source on each phase is equal

o The total instantaneous power at every instant is constant

P:3'Urms-lrms-cos(g0—9):g-UO-IO-cos(go—Q)

where ¢ and 6 are the angles of voltage and current on each phase
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Chapter Outline E‘

@ Three-Phase Circuits

@ Unbalanced Three-Phase Circuits
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Unbalanced Three-Phase Circuits ”

o A three-phase circuit whose source or load is unbalanced in
amplitude or phase angle
@ Solution methods
e Direct solution
e Symmetrical-component method
o Extend the concept of a balanced three-phase system: complex
coefficient k satisfies
Ey=k-E;;E.=k-Ey;E,=k-E,
= there are 3 solutions: kg = 1; k1 = a; ko = a
e Corresponding to 3 symmetrical three-phase systems
1. Positive sequence k1 = a = 1/-120°
(clockwise — opposite to the conventional positive direction)
2. Negative sequence ks = a? = 1/120°
(counterclockwise — same as the conventional positive direction)

2

3. Zero sequence ko = 1 (no rotation)
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Unbalanced Three-Phase Circuits E‘

Symmetrical-component method

o Positive sequence o Negative sequence @ Zero sequence

EaO = EbO = ECO

@ An unbalanced three-phase source system is the superposition of 3
symmetrical source components

= Solve 3 equations in 3 unknowns to find the 3 symmetrical
components

v
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Symmetrical-Component Method ”

e For any unbalanced source set Ey; Ej; F,, there exists a source set
of symmetrical components Fqg; Fq1; Fqo such that:

Ea: ‘aO+E'a1+E.a2 = ‘aO+E'al+Ea2
Ey=Fu+k -Eq+ke B = Ey+ Ep+ Ep
E.c:EaO+k%‘Eal+k%'E.a2 - ICO+E.01+E'02
E, 1 1 17 [EBao Eao 11 117" [E,
= |Ey| =11 a a’| - Eun|l = |Ea| =11 a a® - | By
E. 1 &> a E, E. 1 &> a E.
. 1 /. . )
B = 5 (Ea+ By + E.)

. 1. . .
:>Ea1:§<Ea—|—a2-Eb+a-EC>

) 1 /. ) )
Ea2:§<Ea+a-Eb+a2-Ec)
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NN S EEENGINANITI Unbalanced Three-Phase Circuits

Exercises

BT 10.1

e Given a balanced three-phase circuit Ea = 200/0° V;
Zga + Z1a = 100/60°

@ Determine the total power absorbed by the load

Zda
1
L T

1 f
én Bao Huy (HUST) Linear Circuits in Steady State Hanoi, 2026
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Unbalanced Three-Phase Circuits

Exercises E‘

Exercise 10.1: Determine average power
@ Because the circuit is balanced, the current in each phase is:
: E,
l,=———F5—=2/-60°A
¢ Zda + Zia
= Average power on one phase
P, =E,-I,-cosg =200-2-cos60° = 200 W

= The total average power on the load is 600 W
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NN S EEENGINANITI Unbalanced Three-Phase Circuits

Exercises

Exercise 10.1: Determine instantaneous power
o Consider a three-phase power system with frequency 50 Hz
= eq(t) = 200v/2sin (1007t) V
ia(t) = 2¢/2sin (1007t — 60°) A
= Instantaneous power on phase A
pa(t) = [200v/2sin (1007t)2+/2 sin (1007t — 60°)]
= 400]cos (60°) — cos (2007t — 60°)]
= 200 — 400 cos (2007t — 60°) W
= Similarly, instantaneous power on phases B and C
pp(t) = 200 — 400 cos (2007t — 300°) W
pe(t) = 200 — 400 cos (2007t — 180°) W

e Total instantaneous power p(t) = pa(t) + pp(t) + pe(t) = 600 W

v
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Unbalanced Three-Phase Circuits

Exercises E‘
BT 10.2
e Given a balanced three-phase circuit Ea = 100/10° V;
Zap =8+ j4Q

@ Determine the load phase currents and line currents

v
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NN S EEENGINANITI Unbalanced Three-Phase Circuits

Exercises E‘

BT 10.2
o Line voltage: Uline = UphaseV/3/30° = 100+/3/40° V

: Uline ~ 1001/3/40°
e Load phase current: I,;, = Zl . 8\—{3'4 = 19,3655/13,43° A
ab

e Load line current: I;; = pr 3/—30° = 19,3655\@{13,430 —30° =
33,542/-16,57° /A

@ Use symmetry to infer the other currents
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Exercises E‘

BT 10.3
e Given a Y-Y connected three-phase circuit with source set

E, = 220/10°V; E, = 210/—100° V; E. = 215/110°V
e and load Z, = Z, = Z. =10+ j5Q

@ Determine the current in each phase

BT 10.4
e Given a Y-Y connected three-phase circuit with source set

E, = 220/10°V; E, = 210/—100° V; E. = 215/110°V
e and load Z, = 10+ j5Q; Z, = 124 j4Q; Z. = 15 + j6 Q

@ Determine the current in each phase
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Appendix: Circuit Simulation with LTspice

Appendix: Circuit Simulation with LTspice E

.......

ANALOG
otviczs (L

LIspice’
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Appendix: Circuit Simulation with LTspice

Introduction to SPICE and LTspice E

.......

SPICE is a popular electrical and electronic circuit simulation tool
in academia and industry

SPICE stands for Simulation Program with Integrated Circuit
Emphasis, created at the University of California, Berkeley, USA,
in the 1970s

SPICE was originally a tool for describing and solving circuits
using command-code descriptions (netlists)

Later, software tools were developed to help create netlists by
drawing circuits through graphical interfaces

Commercial SPICE-based circuit simulation software: OrCAD
PSpice, PrimeSim HSPICE, etc.

Free SPICE-based circuit simulation software: LTspice, TINA, etc.
LTspice is a free tool from Linear Technology (now part of Analog
Devices) powerful enough for most study and research tasks
related to circuits
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Appendix: Circuit Simulation with LTspice

LTspice Startup Interface

¥ | Tepice xvil
E\Is View Tools Help

- O

x

G5

A 0&RAKR |

_'New Schematic dé
‘tao mot mach mai

Ready
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Appendix: Circuit Simulation with LTspice

Main Toolbar E

[ Utspice XVl - Draft2]
4, File Edit Hieragghy View Simulate Tools Window Help

CEE Q9 ar|

Delete va copy
IS CE

" ~ Y .2 /
Noi day va diém
Control -, .
dat quy wéc

panel

Chay mé phong Ph3n tir thy déng

cobanRLC Lénh SPICE

Nh3n cla cac nat va chd giai

Some LTspice operations
e End an operation: right-click
e Start an operation: choose a tool icon (e.g., scissors mean delete,
the hand means move, etc.) and then select the element to act on.

(LTspice does not operate in the usual way of selecting an element
first and then choosing an operation; but in the opposite order.)

v
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Appendix: Circuit Simulation with LTspice

Example 1: Getting Started with LTspice ” |

[ LTspice XVil - [Draft1] - ] X

A, Ele Edit Hiearchy View Simulste Jools Window Help

PE T FNRARRE I ERE & & mla@\b&@@#ayg
\J

I

R1

A

R

Click the button to place a resistor element
Before placing the element, press Ctrl+R to rotate it horizontally
Left-click to place the element

Right-click to exit resistor-placement mode
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Example 1: Getting Started with LTspice m.,.‘

4

1 Fle Edit Hierarchy View Simulste Jools Window Help

P P F DR ERT R MH LS LD 3 D
R1 [&F Resistor - R1 X
AR

Cancel
Select Resistor

Resistor Properties

Resistance((}]
Tolerancel1p |
Pomer Ranali [ |

Editing component: R1

1. Point the mouse to the resistor element

2. Right-click to open the value-entry dialog

3. Enter the resistor parameter value as {R1} (note the braces)
(Recommendation: enter a parameter and then declare the value,
rather than entering the value directly on the element)
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Example 1: Getting Started with LTspice m.,.‘

A, Ele Edit Hiearchy View Simulste Jools Window Help

P D &R HRE +2ER A8 LT+ 3 ¥D

R1

{R1}
ci
B 1

[& Enter new reference designator for C1 X —l—{c]_} L1y

Justfication Font Size

Left v 1.5(defauk)
[ Vettical Text Cancel

[cil ]

Right click to edit the Name of C1

1. Continue placing and entering parameter values for L and C
elements

2. To change element names and parameter values: move the mouse
to the text position of the element name or value and right-click
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Appendix: 1it Simulation with LTs

.

Example 1: Getting Started with LTspice

=T

| 1 sciect Component symbol X
{:, TopDirectory: | C:\Users\baohu\Documents) TepiceXVITYib\sym v
~
[ e sare etwoc e, IR b BEM AS L LE S £ 3
SINE, PWL, EXP, or SFFM
Open this macromodel's example dircuit
voltage
C:\Users\bachu'Documents | TspiceXVITYib \sym\, ci
1S016750-2 nmos4 pnp4 Tvsdiode L1
15076372 npn polcap varactor
LD mpn2 res 1 Cc1
load nen3 res2 zener {1y {L1}
load2 npné schottky
lpnp pif SOAtherm-HeatSink
Itine pmos SOAtherm-NMOS
mesfet pmos4 SOAtherm-PCE
nif prp sw
nmos pnp2 tine
< >
Ca
Rea

1. Click the component-library button to open LTspice’s rich
component library

2. Choose voltage to place a voltage-source element
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Appendix: 1it Simulation with LTs

.

Example 1: Getting Started with LTspice

=T

| B Independent Voltage Source - V1 X
o Functions DC Value

O fronel
1 File Edit Hierarchy View Simulste Tools Window Help

O PULSE(V1 V2 Tdelay Trise Trall Ton Period Neycles)

le = ‘ ?‘ * | & Q E{l ‘ = @ SINE[Voffset Vamp Freq Td Theta Phi Neycles)

Make this information visible on schematic

(O EXP(V1 V2 Td1 Taul Td2 Tau2) Small signal AC analysis( AC)
=4 (O SFFM(Voff Vamp Fcar MDI Fsig) AC Ampliude: | {U0}
QOPWLEIvIt2v2.) AC Phase:
oK - WMake this information visible on schematic:
Cancel Farasiic Properties

Series Resitancefl: || SRR Series ResancelQl:[ |
P

\8 Ampitude [V
Make this information visible on schematic:
\ FrealHz]
Tdelayls}
v

Thetal1/s]
Phildeg]
Neycles

Addtional PWL Points
Make this information visible on schematic: Cancel

Editing component: V1

Right-click the voltage source — open the default DC-source dialog
Click Advanced to open the advanced dialog
Enter amplitude {U0} and phase angle {phi} under AC analysis
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Appendix: Circuit Simulation with LTspice

Example 1: Getting Started with LTspice

[ Tspice XVIl - [Draft1]
1 File Edit Hierarchy View Simulste Tools Window Help

PE T F IR ERT isbowMm sSSP 3 ¥
S

R1

AVAY,
{R1}
C1l

AC {U0} {phi
E {u0} {phi} —Fu} P

1. Use Move or Drag to arrange elements and text
(Note the difference between Move and Drag after wiring)
2. Place the reference ground and connect wires

3. The source element name can be changed from V1 to E
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Appendix: Circuit Simulation with LTspice

Example 1: Getting Started with LTspice E
B
4, Ele Edit Hierorchy View Simulate Jools Window Help
B HSFNRAQAR LU FRE| 4B M\a@m@ F3¥DNOD
NS
[ Net Name X
<& OaND@ibalnode 0)
s Coou
A R1 §
{Rl} Cancel
C1 L1
E AC {U0 hi
{u0} {phi} T{CI} an

o Labels can be attached to nodes whose potentials relative to
ground need to be determined

e Here, node potential A equals the source voltage E, and node
potential C equals the voltage on capacitor C1 and inductor L1
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Example 1: Getting Started with LTspice

shcien]

4
4, File Edit Hierarchy View Simulate Tools Window Help
S HT £ 0 RARR L DR s BRROS I SOt 3 YDDEDCine )
R1
A C
{R1}
o C1 [ Edit Text on the Schematic: X
E C) AC {Uo} {phi} - How to netis this text Justfication Fort Size
= {C1} O Comment et | [ 150da) v
@ SPICE drective [ Vetical Text =
param 1=100/2'pi) U0=20°sqrt2) pri=20
poran 110 CT-2aLi-10n

Type CurMto start a new ine.

o Write parameter-value declarations .param and the AC simulation
command .ac by clicking the .op button to open the
command-entry dialog.

@ Use SPICE directive for commands and Comment for comments
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Appendix: Circuit Simulation with LTspice

Example 1: Getting Started with LTspice E

ki Ko

- a x

Y

[ Tpice XVIl - [Draft1]
1, File Edit Hierarchy View Simulste Tools Window Help

PEETFOQAQAR(EBR IV ERT L R20MH L8 LD 3 D

A R1
{R1} . Lo .
Vi du 1 mé phong LTspice
C1 L1 Bai giang Ly thuyét Mach 1
E AC {uo} {phi}
T{Cl} {L1}

.param f=100/(2*pi) U0=20*sqrt(2) phi=20
.param R1=10 C1=2u L1=10m
aclin 2 {f} {f}

@ The command .ac 1lin 2 {f} {f} solves the AC circuit with a
linear frequency sweep and 2 calculation points
e In this example, the circuit is solved at one frequency, so both

frequencies are set to £
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Appendix: Circuit Simulation with LTspice

Example 1: Getting Started with LTspice E

1, Ele Edit Hiearchy Vigw Simulste Jools Window Help

2 1e()n /R /E I BRE LBDEAOS LDt D

¥ L oD@l
R1
A i C
{R1}
Vi du 1 mé phéng LTspice
C1 L1 Bai giang Ly thuyét Mach 1
E AC {Uo0 hi
{ } {P } [& = C:\Users\baohu\Desktop\Draft1.asc X
——- AC Analysis ———
£: : 15.9155 Hz
V(e : mag:  2.81467 phase:  104.232° voltage
é param f=100/(2’v(a): mag: 28.2843 phase: 20° voltage
- Jreen: mag: 0.000562934 phase: -165.768° deviee current
-param R1=10 Cls; 7). mag:  2.81467 phase:  14.2888° deviee_current
.ac lin 2 {f} {f} T(R1): mag: 2.81411 phase:  -165.711° deviee_current
T(E): mag:  2.81411 phase: -165.711° deviee_current
Ready

o Click Run to run the simulation and obtain magnitude and phase

results
e Pay attention to current directions. Especially important in

circuits with current-controlled sources

Bao Huy (HUST) Linear Circuits in Steady State Hanoi, 2026 314 /324




Appendix: Circuit Sim

Example 1: Getting Started with LTspice

[T LTepice XVl - [Draft1]

4, Fle Edit Hierarchy | View Simulate Tools
P | 5| 5| R zoomae

& ZoomBack

Q Zoom to Eit
Pan
[~ show Gri
[ Mark Uncenn. Pins

¥ [~ Mark Anchors

A

Bill of Materials
Efficiency Report

<
SPICE Error Log

£5 visible Traces

Autorange Y-axis

Marching Waves
Set Probe Reference

[ Tootbar

Display the SPICE netlist for t

wlation with LTspice

shcien]

- a
Window Help
1+ B 5% L S% &
wz [ BRI ERE 20 h O8SDF3¥DYD
Ctrl+B
C
b |
Ctrl+G
E" SPICE Netlist: C:\Users\baohu'\Desktop\Draftl.net
G C:\Users\bao}m\]]esktop\]]raftl.asc
S C1l R1 ¢ A {R1}
} - Ll C 0 {L1}
r c1c 0 {c1}
, C1} VSE A 0 SINE() AC {UD} {phi}
: .param £=100/(2*pi) UO=20*sqrt(2) phi=20
.param R1=10 Cl=2u L1=10m

.ac lin 2 {£} {£}

C1=2uL1=10m
4

>

-
(2*pi) U0O=20%*sqrt(2)

Vi dy 1 m6 phéng LTspice\nBai gidng Ly thuyét Mach 1
_backanno
.end

@ Use View — SPICE Netlist to view the SPICE netlist

@ The netlist shows that resistor R1 is connected from C to A — the
direction of current fc A is the positive reference direction

@ The simulated current Iry is opposite in phase to the positive

A
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Appendix: C

Example 1: Getting Started with LTspice

=4

1, File Edit Hierarchy View Simulate Tools Window Help

.

=T

PE T F I RAAR R HREE S 2EHHE LB 3 XDYUCD

[2F SPICE Netlist: C:\Users\baohul\Desktop\Draftl.net

* C:\Users\baohu\Desktop\Draftl.asc

clc 0 {cl})

'VSE A 0 SINE() Ac {U0} {phi}

.param £=100/(2*pi) U0=20%*sqrt(2) phi=20

.param R1=10 Cl=2u L1=10m

.ac lin 2 {£f} (£}

* Vi du 1 m6 phong LTspice\nBai giang Ly thuyét Mach 1
.backanno

.end

e Desktop\Draftl.asc

--- AC Analysis ---
frequency: 15.9155 Hz
Via): mag: 28.2843 phase: 20° voltage
Vic): mag: 2.81467 phase: 104.232° voltage
I(C1): mag: 0.000562934 phase: -165.768° device current
I(Ll): mag: 2.81467 phase: 14.2888° device current
I(R1): mag: 2.81411 phase: 14.2888° device current
I(E): mag: 2.81411 phase: -165.711° device current

o If the positive reference direction of .le needs to be A — C, use
Move to pull R1 off the wire, then press Ctrl+R to reverse R1

o Check the netlist and results again
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Appendix: Circuit Simulation with LTspice

Example 2: Voltage-Controlled Source

i ]
C2
Ct) e1(t) Rs T J2(t) = a - ug, (t)
R1 R2
] I
UR, (t)

o e1(t) = 5v/2sin (100t + 20°) V; Ly = 0,5 mH; Cy = 2000 uF;
0o R =20 Ro=1Q; R3=5Q; aa=1,5.
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Appendix: cuit Simulation with LT

Example 2: Voltage-Controlled Source E

‘i Knoa |

24 [ Select Component Symbol X
4, File Edit Hierarchy View Simulate Tools Window Help

B EHTFI QAR BIERE & B M\@%J

Top Directory: | C:\Users\baohu\Documents\LTspiceXVIn|ib\sym v

Voltage dependent current source

L1 c2
A I
{L1} {c2}
E1 J2 Opel c el's example circt
F } R3 pen this macromodel's example circuit|
_ ) Ac{uo}{phi} {R3} Calpha) I
P C:\Users\baohu\Documents\LTspiceXVI\lib\sym\
B =] tches] FerriteBead2 Itline
R1 R2 [4 Net Name X m?sm
<R} 3 L
{R1} {R2} v (O GND(global node 0) e :::‘nsé
A\ V Ocom ant 15016750-2 npn2
e 15076372 npn3
.param f=100/(2*pi) U0=5%sqrt(2) phi=20 .| <R i :;"4
.param L1=0.5m C2=2000u load2 pmos.
.param R1=2 R2=1 R3=5 alpha=1.5 PortType fegead tonp pmost
.ac lin 2 {f} {f} — >
Oup

Ready

e A VCCS is element g (VCVS is e)

e Node-potential label UR with corresponding output and input
types

e Compare with hand-determined results (note: LTspice determines
amplitude, while Circuit Theory uses RMS values)
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Appendix: Circuit Simulation with LTspice

Example 3: Current-Controlled Source E‘

e Find Z, such that the power delivered to this impedance is
maximized
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Example 3: Current-Controlled Source E

‘i Knoa |

[ (Tspice XV - [Vidu3_open] - o X
4, File Edit Hierarchy View Simulate Tools Window Help -8 x

BT 0QAARIE (SBE $DEHEG L TP +3¥OD0
E2
(3

E1 {alpha}

R6 c6 a
A, M

T {R6} (élﬁ}

3

Ac {U0} {phi} AC {10} {theta} 1\

5 ]
.param f=100/(3*2*pi) U0=10*sqrt(2) phi=40 10=2*sqrt(2) theta=55

.param R5=3 L5=2*3/100 R6=2 C6=1/(3*100/3) alpha=-2
.aclin 2 {f} {f}

@ Determine open-circuit voltage UOC =U AB. Assume arbitrary w.

e A CCVS is element h (CCCS is f)

e A CC source must declare which element current it depends on
(here, E1). Pay attention to sign of & w.r.s to direction of Ip¢.
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Appendix: Circuit Simulation with LTspice

Example 3: Current-Controlled Source E

‘i Knoa |

[ (Tspice XVII - [Vidu3_short] - [u] X

4, File Edit Hierarchy View Simulate Tools Window Help -8 x

PMEEHTAFIQAARBRIERE $B2EH S5 TR 3 XDHO
E2

I+
E1 {alpha}

R6 c6 a
A, M

{R6} (élﬁ}

R1 13
AC{10} {theta} (" 4
0.00001

Ac {U0} {phi}

A4
.param f=100/(3*2*pi) U0=10*sqrt(2) phi=40 10=2*sqrt(2) theta=55
.param R5=3 L5=2*3/100 R6=2 C6=1/(3*100/3) alpha=-2
.aclin 2 {f} {f}

@ Determine the short-circuit current fsc =1 AB

o LTspice determines currents through elements — use a very small
resistor to approximate a wire.
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24

4, File Edit Hierarchy View Simulate Tools Window Help

SEPAFOROAR|R I EBE| &5

_full.asc

51 4 Vidu3_full
E2

3
E1 {alpha}

{R6}

N

{cex

[N

an

AC {10} {theta} ("

N

.param f=100/(3*2*pi) U0=10*sqrt(2) phi=40 10=2*sqrt(2) theta=55
.param R4=1.5 L4=1.5%3/100 R5=3 L5=2*3/100 R6=2 C6=1/(3*100/3) alpha=-2

.aclin 2 {f} {f}

Ready

Hz

phase:
phase:
phase:
phase:
phase:
phase:
phase:
phase:
phase:
phase:
phase:
phase:
phase:
phase:
phase:

40°
27.3247°
69.0645°
114.045°
66.7534°
62.6875°
54.1835°
-130.208°
24.0835°
-28.0671°
55°
54.1835°
151.933°
24.0835°
164.87°

voltage
voltage
voltage
voltage
voltage
voltage
device_current
device_current
device_current
device_current
device_current
device_current
device_current
device_current
device_current

@ Determine Zpy, and the corresponding matched load impedance
@ Recheck the result with the load value just found
e Drawback: LTspice current-controlled sources are visually easy to

confuse with independent sources
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Appendix: Circuit Simulation with LTspice

Example 4: Circuit with Mutual Inductance E‘

Simulate the circuit in Example 7.1

Given a transformer circuit. Determine the currents and voltages on
the coils.

Zl . .
By = 12/0°V; S e T 2
Zy =5+ j3 (Q); A
Zr, =78 (); Y y
Zp, =36 (Q); Cf) Ey Zm% gZLQ Zo
Zy = j6 ()
Zy =5—j2 ()
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Appendix: Circuit Simulation with LTspice

Example 4: Circuit with Mutual Inductance E

saci o |

=4

A Fle Edit Hierarchy View Simulate Tools Window Help

PEETAIQRACAR R ERE IRCMHOECLSTB 3 XDV O

C2

T{cz}

.param f=100/(2*pi) U0=12*sqrt(2) phi=0

.param R1=513=3/100 L1=8/100 L2=6/100 R2=5 C2=1/(100*2)
.param k=(6/100)/(sqrt(L1*L2)) <.‘:|

.aclin 2 {f} {f}

Editing component: L2

e Enable display of coil polarity dots

@ Mutual inductance is defined between coils using the command K
L1 L2 {k}

e Coupling coefficient k = M /+/L1 Lo
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